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The problem of nonparametric identification of linear dynamic objects is being investigated. In contrast with para-

metric identification, the case is analyzed when equations describing a dynamic object are not specified according to 

the parameters. Moreover, the identification problem is analyzed under normal object operation, opposite to the previ-

ously known nonparametric approach based on Heaviside function input to the object and further Duhamel integral 

application. An arbitrary signal is inputted to the object during normal operation and weight function realizations are 

represented by observations of input-output object variables measured with random interferences. As a result, we have 

a sample of input-output variables. As linear dynamical system can be described by the Duhamel integral, with known 

input and output object variables, corresponding values of the weight function can be found. This is achieved by dis-

crete representation of the latter. Having such realization, nonparametric estimate of the weight function in the form of 

the nonparametric Nadaraya–Watson estimate is used later. Substituting this into the Duhamel integral, we obtain a 

nonparametric model of a linear dynamical system of unknown order. 

The article also describes the case of nonparametric model constructing when a delta-shaped function is inputted 

to the object. It was interesting to find out how delta-shaped function might differ from the delta function. The weight 

function was determined in the class of nonparametric Nadaraya–Watson estimates. Nonparametric models were 

investigated by means of statistical modeling. In general, nonparametric models have shown sufficient efficiency in 

terms of accuracy prediction by nonparametric model in relation to the actually measured output of the object. Evi-

dentally, the accuracy of nonparametric models reduces with the growing influence of interference from the meas-

urement of input-output variables or the discreteness of their measurement. Previously proposed nonparametric al-

gorithms consider the case when Heaviside function was applied to the object, which narrows the scope of nonpara-

metric identification practical use. It is important to construct nonparametric model of a dynamic object in condi-

tions of normal operation. 

 

Keywords: duhamel integral, transient function, weight function, delta-shaped input, Nadarya–Watson estimate, 

nonparametric model. 
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Рассматривается задача непараметрической идентификации линейных динамических объектов. В отличие 

от параметрической идентификации, вид уравнения, описывающего динамический объект, не задан с точно-

стью до параметров. Более того, задача идентификации рассматривается в условиях нормального функцио-

нирования объекта, в отличие от ранее известного непараметрического подхода, основанного на подаче на 
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вход объекта функции Хевисайда и дальнейшем применении интеграла Дюамеля. В условиях нормального функ-

ционирования на вход объекта подают сигнал произвольного вида. При этом на выходе объекта наблюдается 

соответствующий отклик. Следует заметить, что измерения входной и выходной переменных осуществля-

ются со случайными помехами. В итоге, имеем реализацию (выборку) входных-выходных переменных.   

Поскольку линейная динамическая система может быть описана интегралом Дюамеля, то при известных 

входных и выходных переменных объекта могут быть найдены соответствующие значения  весовой функции. 

Это достигается при дискретной записи последнего. Располагая подобной реализацией, в дальнейшем исполь-

зуется непараметрическая оценка весовой функции в виде непараметрической оценки Надарая–Ватсона. Под-

ставляя ее в интеграл Дюамеля, получаем тем самым  непараметрическую модель линейной динамической 

системы неизвестного порядка. 

Приведен также случай построения непараметрической модели  при подаче на вход дельтообразной функ-

ции. Было интересно выяснить, насколько дельтообразная функция может отличаться от дельта-функции. 

Оценка весовой функции и в этом случае определялась в классе непараметрических оценок Надарая–Ватсона. 

Предложенные непараметрические модели был подробно исследованы средствами статистического модели-

рования. В основном непараметрические модели показали достаточно высокую эффективность с точки зре-

ния точности прогноза непараметрической модели по отношению к реально измеренному выходу объекта. 

Естественно, точность непараметрических моделей уменьшается из-за роста влияния помех измерения  

входных-выходных  переменных или дискретности их измерения. Ранее были предложены непараметрические 

алгоритмы идентификации для случая, когда на вход объекта подавалась функция Хевисайда, однако это не-

сколько сужает рамки практического использования самой идеи непараметрической идентификации. Естест-

венно, важным является случай построения непараметрической модели динамического объекта, находящегося 

в условиях нормальной эксплуатации. Эта особенность является наиболее важной из рассматриваемых прие-

мов идентификации в условиях непараметрической неопределенности. 

 

Ключевые слова: интеграл Дюамеля, переходная функция, весовая функция, дельтообразное входное воздей-

ствие, оценка Надарая–Ватсона, непараметрическая модель. 

 
Introduction. The main objective of identification 

theory is the model construction based on input and out-

put process variables’ observations while the data about 

the object is incomplete [1–3]. The article is devoted  

to dynamic objects identification under nonparametric 

uncertainty [4; 5], when the dynamical model cannot  

be identified up to parameters vector due to the lack  

of priori data. In this case receiving of transient response 

and following estimation of an object weight function are 

reasonable.  

The basis of this paper is Duhamel integral use, due to 

the principle of superposition [6; 7]. Identification algo-

rithms of the object in normal operation conditions are 

described. Three methods of obtaining weight function 

estimation using Heaviside function [8; 9], delta-shaped 

input and arbitrary input are analyzed. 

Problem formulation. Suppose that object is a dy-

namic system and described by the equation [1] 

1 2( , , )t t t tx f x x u− −= , where ( )f ⋅  – is unknown function; 

tu  – control input variable; tx  – output variable. 

In fig. 1, a block diagram of the dynamic process is il-

lustrated [2], with following notations: ˆ
tx – output of 

model; tu  – control variable; ( )t – continuous time; t  – 

discrete time; ,t thξ  – random noise acting on the object 

and output variable measuring channel, with zero mathe-

matical expectation and limited dispersion. 

Variables control is carried out through time inter-

val t∆ . Thus, it is possible to obtain initial input – output 

variables sample{ , , 1, }i ix u i s= , where s – sample size. 

Non-parametric identification algorithm when 
standard signals can be inputted to the object. Suppose 

that the object is described by a linear differential equa-

tion of unknown order. In this case, for zero initial condi-

tions, x(t) is found as 

0

( ) ( ) ( )

t

x t h t u d= − τ τ τ∫ ,           (1) 

where ( )h t − τ  – weight function, that is derivative of 

transition function ( ) ( )h t k t′= . 

 

 
 

Fig. 1. Identification scheme 

 

Рис. 1. Блок-схема системы идентификации 

 

This problem reduces to the weight function estima-

tion, so, firstly, it is needed to obtain the transition func-

tion. 

As it was mentioned, weight function can be obtained 

by various means. 

First case. Suppose that the object is described by lin-

ear differential equation of unknown order. In zero initial 
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conditions, ( )x t  is found as (1). Transition function is an 

object reaction on input impact, namely as Heaviside 

function ( ) 1( )u t t= . 

0, ( ) 0,
1( )

1, ( ) 0.

u t
t

u t

<
= 

≥
                             (2) 

After obtaining transition function, it is needed to find 

its nonparametric estimation [10; 11]: 

0

( )
s

i
i

is s

t tT
k t k H

sc c=

 −
=  

 
∑ ,                     (3) 

where ik  – transition function estimate; ik  – transition 

function; it  – discrete time of measurements; s – sample 

size; sc  – kernel smoothing; H – kernel function; T – time 

observation period [2]. 

We note that kernel function and kernel smoothing 

satisfy the following terms [10; 11]: 

0

1 1
1, li

 

0, lim , lim 0,

m ( )

( ), 0,

s

i i

s
s s

s s s
c s

s s

i
i

s

t t t t
H dt t H d

c s

t
c c c c

t t
t

c c

H
c

∞ ∞

→
−

→∞ →

−∞

∞

∞

   − −
=

=

> →∞

ϕ =   
   

 −
ϕ ≥ 

 
→

∫ ∫

    (4) 

where φ( )it  – an arbitrary function. 

In particular, kernel function would be considered as 

Sobolev function (5): 

2

2 2

( )

( )

0,

, .
0.827

i

i s

i s

t t
i s

t t c

s

t t c

H t t c

e
c

 − −
 
 − − 

 − >


= − ≤



            (5) 

Since weight function h(t) is derivative of transition 

function k(t), then 

'

0

( )
s

i
i

is s

t tT
h t k H

sc c=

 −
=  

 
∑ .                     (6) 

Second case. The weight function could be obtained 

when a delta-shaped function is inputted. It has a step 

function type (7), t∆ – discretization interval (fig. 2): 

1
( ) ,t t t

t

∆ δ = ∈∆
∆

,               (7) 

where t∆ , for example, is an equation 0t t′∆ = − , or 

t t t′ ′′∆ = − . 

Identification algorithm under normal object op-
eration. Constructing an adaptive object model often re-

quires identification of measuring channels under normal 

object operation [2; 12]. This means that inputted impacts 

must be small enough so that the effect on production 

would be minimal. This is necessary for keeping the proc-

ess in acceptable limits [8]. 

Thus, the third case has the priority in solving the 

problem of nonparametric identification [4; 6]. The fol-

lowing algorithm when input impact has sinusoidal type 

function (as an example) is analyzed below. 

 
 

Fig. 2. Delta-shaped function example 

 

Рис. 2. Пример дельтообразного входного воздействия 
 

Third case. If control action and object output are 

known, weight function may be described by (1). 

In a discrete form: 

0

1 1

, 1,
s s

i t i

i i

h x u h i s
= =

 
= − ∆τ + = 

 
∑ ∑ ,                (8) 

where s – sample size; ∆τ  – variables control time inter-

val; iu  – control variable; tx   – object output; 0h  – value 

of the weight function on previous iteration steps. 

Thus, nonparametric process model is following: 

'

10

( ) ( )

t s
i

s i

is s

t tT
x t k H u d

sc c=

 −
= τ τ 

 
∑∫  

or  

10

( ) ( ) ,

t s

s i

is

T
x t hu d

sc =

= τ τ∑∫                      (9) 

where ik  – transition function; ih  – weight function;  

sc  – kernel smoothing; s – sample size; T –  observation 

period. 

Computer experiment. Suppose that dynamical ob-

ject is described by third-order differential equation. It 

can be represented as: 

3 2 10.5 0.5t t t t tx x x x u− − −= − + − .             (10) 

Let us note that the equation (10) is used for obtaining 

sampling points. Nonparametric algorithm does not as-

sume the known form of the differential equation, only 

information on the linearity of an object is known, in con-

trast with [13; 14]. 

The first method of obtaining weight function is to 

take the derivative of transition function (fig. 3), if 

Heaviside function is submitted to the object, then object 

output is a transitional feature: ( ) ( )x t k t= , further it is 

necessary to find the value of transition function and 

weight function according to formulas (3) and (6): 

In fig. 3: ( )k t – transition function, ( )h t  – weight 

function. 

Put known values of transition and weight functions 

into Duhamel integral (1) and get an object model, fig. 4. 
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Fig. 3. Weight and transition response when u(t) = 1(t) 

 

Рис. 3. Весовая и переходная характеристика процесса при u(t) = 1(t) 

 

 

 
 

Fig. 4. Weight response when input is a delta-shaped function 

 

Рис. 4. Весовая характеристика процесса при подаче  

на вход объекта дельтообразного входного воздействия 

 

Let us change the order of differential equation  

that describes the object and conduct computer experi-

ments. 

Suppose that the object is described by differential 

equation of the second order represented as follows: 

1 20.25 0.33 0.33t t t tx x x u− −= − + .           (11) 

Suppose the integral of delta-shaped function differs 

from 1. 

Fig. 5 illustrates the experiment when the integral of 

delta-shaped ( )t∆δ  equals 1, 
1

( )u t
t

=
△

 delta-shaped in-

put, ( )x t  – object output, t∆  – discretization interval, 

ˆ( )x t  – output object model. 

Note that when [0.1;1]t∆ ∈  [0.1;1]t∆ ∈ , input ( )u t  

takes values from 1 to 10, it can conform to the techno-

logical requirements. 

Consider the case when delta-shaped function integral 

( )t∆δ  differs from 1. As a result, delta-shaped function 

becomes “pseudo-delta-shaped”, in particular integral of 

delta function does not equal 1 (fig. 6). 

Fig. 5 illustrates discretization interval t∆  = 0.1, inte-

gral of delta-shaped function ( )t∆δ  equals 1, recovery 

error w = 4.2 %. 

In fig. 6 discretization interval t∆  = 0.1, integral of 

delta-shaped function ( )t∆δ  > 1, recovery error w = 40 %. 

Hence, in order to construct the appropriate model, the 

following term should be kept – integral of delta-shaped 

function must be equal 1. 

In conditions of normal object operation as an arbi-

trary input signal we take the following function: 

/ 2 *sin (0.5 )tu t t A t= − − ,                   (12) 

where A – oscillation amplitude.  
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Fig. 5. Algorithm work with delta-shaped input 

 

Рис. 5. Результат работы алгоритма  

при дельтообразном входном воздействии 
 

 

 

 

 
 

Fig. 6. Algorithm work with “pseudo-delta-shaped” input 

 

Рис. 6. Результат работы алгоритма  

при «псевдодельтообразном» входном воздействии 

 

 

Let us add a random noise that arising in the channel 

of output signal measurement ( )x t  

,t t th lx= ξ                                   (13) 

where [ 1;1]tξ ∈ −  , noise level 5 %,10 %l =  . 

Calculate the recovery error – w according to the for-

mula (14), where 
1

1 s

t

i

x x
s =

= ∑  – arithmetical mean, ˆ( )x t  – 

object model output: 

1

1

ˆ| |

,

| |

s

t t

i

s

t

i

x x

w

x x

=

=

−
=

−

∑

∑
                                  (14) 

Fig. 7 appeals to the following definitions: ( )u t  – in-

put impact, ( )x t  – object output, ˆ( )x t  – model output. 

Noise level = 5 %, recovery error w – 0.067, according to 

the chart and recovery error, this model could be consid-

ered as satisfactory. 

Thus, table illustrates that lowering oscillation ampli-
tude leads to model accuracy decreasing. 

 

Dependence between recovery error  
and oscillation amplitude 

 

A W 

10.5 0.5 % 

3.5 1.4 % 

2.5 2 %  

1.5 3.3 % 

1 4.9 % 

0.5 9.8 % 

0.1 53.4 % 
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Fig. 7. Object output when input is an arbitrary signal 

 

Рис. 7. Результаты выхода объекта при произвольном входном воздействии 
 
Let us change the input signal and answer the question 

of how the quality of constructed model depends on the 

oscillation amplitude: 

*sin(0.1 )tu A t= ,                         (14) 

where A – oscillation amplitude. 

We conduct computer experiments, in table following 
descriptions are analyzed A – oscillation amplitude,  

w – recovery error.  

Conclusion. The problem of nonparametric identifica-

tion of linear dynamical objects in conditions of incom-

plete data is analyzed. The main result of this paper is 

resolving of identification problem in an object’s normal 

operation conditions. The nonparametric linear dynamical 

system models that based on Duhamel integral estimation 

by means of Nadaraya–Watson statistics are submitted. 
The main conclusions that could be made on the basis 

of extensive numerical research of nonparametric models 

are as follows: although in practice delta function cannot 

be submitted to the object input, sometimes it is possible 

to submit delta-shaped input signal and then construct a 

satisfactory model. Certainly, noise increase in input-

output variables measurement and increase in discreteness 

of input-output variables control, in natural way, worsen 

accuracy of nonparametric models [15–17]. 

In addition, it is important to note that the algorithm 

does not require particular object equation and known 

differential equation order, all equations that have been 

described are analyzed as the examples. Thus, algorithm 

is not dependent on the type of input impact, the main 

condition is observance of the superposition principle. 
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