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The increased requirements for strength calculations of space-rocket and aviation technology designs cause the 

need for the development and improvement of approximate solutions for elasticity theory tasks with small error algo-

rithms.  

The article considers the numerical method of calculating elastic layered conical shells (LCS) of various thickness 

under static loading which are widely used in space-rocket technology. The suggested method uses three-dimensional 

curvilinear Lagrange multigrid finite elements (MGFE). A system of nested grids is used for MGFE constructing. The 

fine grid is generated by the basic partition that takes into account MGFE heterogeneous structure. The basic partition 

dimensionality is reduced with the help of large grids which leads to the system of linear algebraic equations of the 

small dimension finite elements method. Three-dimensional elasticity theory equations use allows to apply MGFE for 

calculating LCS of any thickness. Displacements in MGFE are approximated by Lagrange polynomials which, in con-

trast to power polynomials, gives the opportunity to design big size three-dimensional thin shell elements. Lagrange 

polynomials nodes coincide in shell thickness with the nodes of MGFE large grids which lie on the shared borders of 

multi-module layers.  

The efficiency of the presented method is that the suggested MGFE generate small dimension discrete models that 

require 10
3
–10

7
 times less electronic computing machine (ECM) memory than basic models. The suggested law of dis-

crete models grinding generates uniform and fast convergence of numerical solutions which allows to make solutions 

with the specified (small) error.  

Examples of LCS calculating (whole ones as well as with holes) under axisymmetric and local loading are given. 

Comparative analysis of solutions obtained with the help of MGFE, single-grid finite elements and the program com-

plex ANSYS has been conducted.  

 

Keywords: elasticity, conical shell, composites, Lagrange polynomials, multigrid finite elements.  
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Повышенные требования к прочностным расчетам конструкций ракетно-космической и авиационной  

техники вызывают необходимость разработки и совершенствования алгоритмов приближенных решений за-

дач теории упругости с малой погрешностью.  

Рассматривается численный метод расчета упругих слоистых конических оболочек (СКО) различной  

толщины при статическом нагружении, которые широко применяются в ракетно-космической технике.  
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В предлагаемом методе используются трехмерные криволинейные лагранжевые многосеточные конечные 

элементы (МнКЭ). При построении МнКЭ используется система вложенных сеток. Мелкая сетка порождена 

базовым разбиением, которое учитывает неоднородную структуру МнКЭ. С помощью крупных сеток пони-

жается размерность базового разбиения, что приводит к системе линейных алгебраических уравнений мето-

да конечных элементов малой размерности. Использование уравнений трехмерной теории упругости позволя-

ет применять МнКЭ для расчета СКО любой толщины. Перемещения в МнКЭ аппроксимируются полиномами 

Лагранжа, что в отличие от степенных полиномов дает возможность проектировать трехмерные тонкие 

оболочечные элементы больших размеров. Узлы полиномов Лагранжа по толщине оболочки совпадают с узла-

ми крупных сеток МнКЭ, которые лежат на общих границах разномодульных слоев.  

 Эффективность изложенного метода заключается в том, что предлагаемые МнКЭ порождают дискрет-

ные модели малой размерности, для которых требуется в 10
3
–10

7
 раз меньше объема памяти ЭВМ, чем для 

базовых моделей. Предложенный закон измельчения дискретных моделей порождает равномерную и быструю 

сходимость численных решений, что позволяет строить решения с заданной (малой) погрешностью.  

Приведены примеры расчетов СКО (цельных и с отверстиями) при осесимметричном и локальном нагру-

жениях. Выполнен сравнительный анализ решений, полученных с помощью МнКЭ, односеточных конечных 

элементов и программного комплекса ANSYS. 

 

Ключевые слова: упругость, коническая оболочка, композитные материалы, полиномы Лагранжа, много-

сеточные конечные элементы.  

 

Introduction. The layered conical shells (LCS) are 

widely applied in the space-rocket and aircraft technol-

ogy. Unlike cylindrical shells, LCS geometrical and stiff-

ness properties depend on axial coordinate that creates 

great difficulties during analytical and numerical research 

of the stress strained state (SSS) of such shells.. 

Since during shells numerical calculations there is no 

unified approach suitable for the entire range of shell 

constructions in use, further research in the field of shells 

computing mechanics is being continued now. In recent 

years new numerical methods for LCS calculation have 

been developing and the existing methods have been 

improving. The method of differential quadratures 

developed for the solution of the linear and non-linear 

equations in partial derivatives [1] is applied to the LCS 

analysis with the equations of the three-dimensional 

elastic theory use in conic coordinates [2]. In works [3–5] 

the method of reference surfaces which is used for 

calculation of multilayer shells and plates is offered for 

homogeneous and layered shells in a spatial setting 

calculation. Movements in shell thickness are 

approximated by means of Lagrange polynomials, and 

movements in reference surfaces are set by functions 

which meet boundary conditions. For calculation of 

layered conical and cylindrical shells the method of 

discrete singular convolution is used [6]. At the same time 

only thin shells which deformation submits to Kirkhgofa-

Lyava kinematic hypothesis are considered. The method 

of finite element (MFE) is the most widespread numerical 

method when calculating shells. The review of works on 

calculation of composite shells by means of MFE is 

provided in [7]. Various options of finite elements (FE) 

are applied to LCS calculation. For example, in work [8] a 

curvilinear 4-node FE with 20 degrees of freedom for the 

bearing layers of a 3-layer shell is used, and a filler 

interlayer is considered in the elastic theory three-

dimensional setting. In work [9] the layered conical 

structures of a shell for bends with the use of 

isoparametric FE and high order displacement 

deformation models are analysed.  

The increased requirements to modern shell construc-

tions cause the necessity of algorithms of approximate 

solutions tasks of the elastic theory with the given small 

error development and improvement. It is difficult to ap-

ply the known approaches from the theory of materials 

strength, or the two-dimensional elastic theory based on 

the simplifying hypotheses that often leads to a bigger 

error of the achieved results to obtain such solutions. In 

this regard there is a need for the development of such FE 

in which the deformation of a composite shell is consid-

ered in three-dimensional setting taking into account its 

structure without simplifying kinematic and static hy-

potheses introduction. In works [10; 11] the computa-

tional method of composite circular cylindrical shells in a 

three-dimensional setting with application of multigrid FE 

(MGFE) in which movements are approximated by means 

of Lagrange polynomials of various orders is offered.  
In this work the numerical computational method of 

LCS of various form and thickness at the arbitrary static 
loading in which three-dimensional curvilinear shell type 
Lagrange MGFE are used is described. The characteristic 
feature of the MGFE constructing offered procedure is 
that Lagrange polynomials nodes coincide in shell thick-
ness with MGFE large grids nodes lying on the common 
borders of multi-module layers. The offered method pro-
vides the uniform and fast convergence of approximate 
solutions that allows to make solutions with the specified 
(small) error. The effectiveness of the offered MGFE is 
that they generate discrete models which dimension is 
several orders less than dimensions of basic models. Ex-
amples of calculations are given.   

Construction of single-grid FE for conical shell 
basic model. We will briefly consider the procedure of 
constructing curvilinear homogeneous single-grid FE 
(SGFE) construction which create a conic shell basic 

discrete model on the example of FE 
(1)V  of the 1st order 

(fig. 1). The procedure of SGFE construction for cylindri-
cal shells at approximation of fields of movements by 
degree polynomials is explicitly explained in work [12]. 
Let us consider that FE order is defined by order of a 
degree polynomial or a Lagrange polynomial constructed 
on its nodal grid, and the superscript in the symbol 
corresponds to the nodal grids quantity in an element. 
SGFE represents a part of the conical shell with the 
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reference sizes (1) (1) (1) (1)

,1 ,2( )x x y zh h h h× × located in a local 

Cartesian coordinate system 1 1 1 1O x y z . In fig. 1 

designations are introduced: 1 1 1z O y  – a plane of 

symmetry, cd – a longitudinal axis of a conical shell, α – 

FE (1)V corner angle, (1)

zh  – thickness, (1)

yh – length 

(height), (1)

,x i ih R= α ( 1, 2)i = , 1 2,R R – radiuses of a shell 

bottom face at FE end faces, β – shell conicity angle, 

nodes in the drawing are noted by points. Movements, 

deformations and tension in SGFE (1)V satisfy to the 

equations of the three-dimensional elasticity theory, 

recorded in the local Cartesian coordinate system 1 1 1 1O x y z .  

Taking into account that FE reference sizes are small 
for minor basic splits, we use 1st order polynomials  

for approximation of movements functions 
(1) (1) (1)

, ,u v w  

of element (1)V  

(1) (1) (1)

1 2 1 3 1 4 1 5 1 1, ,u v w a a x a y a z a x y= + + + + +  

6 1 1 7 1 1 8 1 1 1a z x a z y a x y z+ + + .        (1) 
 

The total potential energy of FE (1)V  in a matrix form 

is the following [13] 
 

(1) (1) (1) (1) (1) (1)1
П ( ) ( ) ( )

2

T T

V

dV= −∫δ δ B DB δ  

(1)
(1) (1)( ) ( )T T

V

dV− −∫ δ N F dST

S

T )1()1()1( )()( qNδ∫ ,       (2) 

where (1)B , D  – matrixes of deformations and elastic 

modules (1)V ; (1)F , (1)q  – vectors of volume and surface 

forces; (1)δ , (1)N  – a vector of nodal unknowns and a 

matrix of form functions; V , S  – FE (1)V area and sur-

face; T  – transposition. 

From (1) (1) (1)П ( ) / 0∂ ∂ =δ δ  condition we find formulas 

for calculation of a stiffness matrix (1)K and a nodal 

forces vector (1)P in the local coordinate frame 1 1 1 1O x y z   
 

(1) (1) (1)( )T

V

dV= ∫K B DB , 

(1) (1)
(1) (1) (1)( ) ( )T T

V S

dV dS= −∫ ∫P N F N q .    (3) 

 

Let us note that the continuity of movements on FE 

curvilinear borders (1)V  (fig. 1) is broken. However, as it 

is well-known [14], realization of continuity of 

movements on borders of curvilinear FE is not a 

necessary condition for convergence of numerical solu-
tions to precise and is checked in each case. The carried 

out numerical experiments show that at curvilinear 

homogeneous FE (1)V  reference sizes decrease numerical 

solutions converge to precise.  

In (3) we define integrals numerically. Let us present 

area V by elementary curvilinear subareas 
1
,...,

N
V V ,  

i. е. 
1

N n

n
V V

=
=∪ , N  – total number of subareas. For 

nV area let us introduce designations: (1)

1/zz h m∆ = , 

(1)

2/yy h m∆ = , 3/ m∆α = α , ∆α  – corner angle of area  

nV ; 1m , 2m , 3m  – the given integral numbers; 

1 2 3N m m m= .  

The form of area nV  is a part of the truncated conical 

shell with thickness h  ( / cosz h∆ = β ), height y∆  and 

corner angle ∆α . Let us note that areas nV  (irrespective 

of their sizes) geometrically precisely represent FE 
(1)V curvilinear area. Let 1

nx , 1

ny , 1

nz  – area nV  gravity 

centre coordinates in the local coordinate system 

1 1 1 1O x y z . The volume  nV∆ of area nV  is defined by the 

approximate formula  n nV z y R∆ = ∆ ∆ ∆α , where nR – 

distance from a cone axis to an area nV  gravity centre. 

Matrix (1)B , which elements are calculated for values  

of coordinates 1

nx , 1

ny , 1

nz , let us designate 

(1)

1 1 1( , , )n n nx y zB . We approximately find a stiffness matrix 

(1)  K by virtue to (3) on a formula  
 
 

(1) (1) (1)

1 1 1 1 1 1

1

( ( , , )) ( , , )
N

n n n T n n n

n

n

x y z x y z V
=

= ∆∑K B DB .    (4) 

 

 

                 
 

а                                  b 

 

Fig. 1. Homogeneous FE (1)V ( (1)

nV ) (a), the cross section of the FE plane 1 1 1z O y  (b) 

 

Рис. 1. Однородный КЭ (1)V ( (1)

nV ) (а), сечение КЭ плоскостью 1 1 1z O y  (б)  
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The vector of nodal forces (1)P  of element (1)V  is also 

defined numerically.  

The differences of the offered curvilinear SGFE (1)V  

construction procedure from isoparametric FE construc-

tion [13] are as follows. Isoparametric FE use is proved 

by the necessity of FE stiffness matrix calculation 

simplification. Curvilinear coordinates are transformed to 

rectilinear (Cartesian) coordinates, and curvilinear FE is 

transformed in rectilinear (two – three-dimensional) by 

the equivalent transformations. Herewith stiffness matrix 

numerical calculation assumes the known quadrature 

formulas use [14]. Transformation of curvilinear 

coordinates demands calculation of a straight line and an 

inverse Jacobi matrix in each calculated point at a 

numerical integration.  

The offered option of SGFE stiffness matrix 

calculation (3), (4) is simpler and has the following 

advantages:  

– curvilinear FE (1)V is projected in the local three-

dimensional Cartesian coordinate system and therefore 

there is no need to define a straight line and an inverse 

Jacobi matrix [13; 14] that is required when using 

isoparametric FE;  

– when constructing approximating displacement 

functions (1)u , (1)v , (1)w FE (1)V  we use the known degree 

polynomials of the 1st, 2nd and 3rd orders [13] which are 

recorded in local Cartesian coordinate systems which do 

not contain FE rigid displacement. In case of local curvi-

linear coordinate frames at constructing curvilinear shell 

FE application there is a need to construct such approxi-

mating functions of movements in which FE rigid dis-

placements are excluded that is connected with particular 

difficulties [15];  

– the numerical integration is performed according to 

the simplest formula when in each partial area nV  the 

value of function is chosen constant and equal to the value 

of function in a gravity centre of this area. At decrease of 

the partial areas sizes the value of a FE (1)V  stiffness ma-

trix in a limit converges to precise value. 

Procedures of the 2nd, 3rd order SGFE construction 

which geometrically are similar to the FE (1)V  form  

(fig. 1) are similar to the above described. 

Further we will consider the construction of MGFE 

with ideal connections between the heterogeneous 

structure components in case of movements 

approximation by Lagrange polynomials on the example 

of three-grid FE (ТGFE) (3)V . Such element consists 

of M  two-grid FE (TGFE) (2)

mV , ( 1,...,m M= ), each one 

is composed from N  homogeneous SGFE 
(1)

nV ( 1,...,n N= ). 

Construction of two-grid FE for a conical shell. Let 

us consider the procedure of multilayer TGFE for a coni-

cal shell construction on the example of tree-layer TGFE 
(2)V of the 3rd order in its thickness which is used when 

calculating a 3-layer conical shell in thickness h  with the 

reference sizes ( )(2) (2) (2)

,1 ,2x x yh h h h× ×  located in the local 

Cartesian coordinate system 2 2 2 2O x y z  (fig. 2). In case  

of calculating a k-layer conical shell it is necessary to use 

k- layer Lagrange TGFE of a k-order in thickness.  

 

 
 

Fig. 2. Three-Layer TGFE (2)V ( (2)

mV ) 

 

Рис. 2. Трехслойный ДвКЭ (2)V ( (2)

mV ) 

 

SGFE nodes (1)

nV , 1,...,n N= ,  make a fine curvilinear 

grid on which TGFE large grid is constructed. Let us note 

that large grid nodes on shell thickness lie on the common 

borders of TGFE multi-layers which generally have vari-

ous thicknesses. Lagrange polynomials construction in the 

local curvilinear coordinate frame 2O ξης  on TGFE large 

grid for cylindrical shells is considered in [10; 11] and can 

be applied to LCS calculation. The basic function ijkN  for 

node ( , , )P i j k  (fig. 2) in curvilinear coordinates , ,α η ζ  

is ( , , ) ( ) ( ) ( )ijk i j kN L L Lα η ζ = α η ζ , where ( )iL α , ( )jL η , 

( )kL ζ  – Lagrange polynomials:  

1

1,

( )
n

n
i

n n i i n

L
= ≠

α −α
α =

α −α∏ ,  
2

1,

( )
n

n
j

n n j j n

L
= ≠

η−η
η =

η −η∏ , 

3

1,

( )
n

n
k

n n k k n

L
= ≠

ζ −ζ
ζ =

ζ −ζ∏ .                      (5) 

Using designations (2)

iu , (2)

iv , (2)

iw , (2)

iN  for move-

ments and form functions of TGFE i node in the coordi-

nate frame 2 2 2 2O x y z , movements functions 
(2) (2) (2)

, ,u v w  

can be given as [13] 

0
(2) (2) (2)

1

i i

i

n
u N u

=

=∑ ,  
0

(2) (2) (2)

1

vi i

i

n

v N
=

=∑ , 

0
(2) (2) (2)

1

i i

i

n

w N w
=

=∑ , 0 1 2 3n n n n= .             (6) 

We will record the functional of the total potential 

energy (2)П for basic TGFE (2)V split as follows  

(2) (1) (1) (1) (1) (1)

1

1
П ( ( )   ( ) )

2

N
T T

n n n n n

n=

= −∑ δ K δ δ P ,         (7) 

where (1)

nK  – stiffness matrix, (1)

nP , (1)

nδ  – vectors of 

nodal forces and movements of SGFE (1)

nV which corre-

spond to the coordinate frame 2 2 2 2O x y z . 
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The use of small splits generates TGFE with a large 

number of nodal unknowns. For decrease in TGFE 

dimension the following procedure is used. By means of 

functions (6) we present the vector of nodal movements 
(1)

nδ of SGFE (1)

nV , 1,...,n N=  through the vector of nodal 

movements (2)δ  of TGFE (2)V . As a result, we receive 

equality  

(1) (2) (2)

n n=δ A δ ,                       (8) 

where (2)

nA  – a rectangular matrix, 1,...,n N= . 

Substituting (8) in (7) and, following the principle of 

the total potential energy minimum, i. e. 
(2) (2) (2)П ( ) / 0∂ ∂ =δ δ , for TGFE (2)V  we get the ratio 

)2()2()2( PδK =  defining its an equilibrium state where  

(2) (2) (1) (2)

1

( )  
N

T

n n n

n=

=∑K A K A ,
(2) (2) (1)

1

 ( )
N

T

n n

n=

=∑P A P ,     (9) 

(2)K  – stiffness matrix, 
)2(P  – vector of nodal forces 

TGFE (2)V .  

Procedures of constructing composite Lagrange TGFE 

of p  – order construction, geometrically similar to TGFE  

(2)V  (fig. 2), with application of Lagrange polynoms  

of p-order, are similar to the considered procedure. 

The calculations show that at increase in dimensions 

of TGFE basic splits time expenditure on construction of 

matrixes (2)K  and 
)2(P  according to formulas (9) 

significantly increases. In this case it is expedient to apply 

ThrGFE which constraction requires less time expenditure 

and which generate shells discrete models of smaller 

dimension, than TGFE. 

Construction of three-grid FE for a conical shell. 
We will consider the procedure of multilayer ThrGFE for 

a conical shell construction we will consider on the 

example of 3-layer ThrGFE (3)V of the 3rd order in its 

thickness with the reference sizes ( )(3) (3) (3)

,1 ,2x x yh h h h× × , 

disposed in the local Cartesian coordinate system 

3 3 3 3O x y z . ThrGFE has the form similar to TGFE shown 

in fig. 2. For ThrGFE the order of Lagrange polynomials 

on coordinates 3x , 3y  can be arbitrary, different from the 

polynomials order on these coordinates in TGFE. ThrGFE 

has the 3rd order in its thickness h  (coordinate 3z ) which 

is used when calculating 3-layer conical shells. In case of 

a m-layer conical shell calculation it is necessary to use a 

m-layer Lagrange ThrGFE of m  order in thickness.  

The ThrGFE area consists of M  TGFE (2)

mV , 

1,...,m M=  which geometrically precisely represent the 

ThrGFE area. The TGFE nodes, included in ThrGFE, 

generate a curvilinear grid on which a ThrGFE large grid 

is being constructed. Let us note that ThrGFE large grid 

nodes, as well as in case of TGFE lie on the common 

borders of multi-layers which generally have various 

thickness. The total potential energy (3)П  of ThrGFE  
(3)V  is represented by  

(3) (2) (2) (2) (2) (2)

1

1
П ( ( )   ( ) )

2

M
T T

m m m m m

m=

= −∑ δ K δ δ P ,      (10) 

where (2)

mδ  – a nodal movements vector; (2)

mK , (2)

mP  –  

a stiffness matrix and a nodal forces vector TGFE (2)

mV , 

which correspond to the coordinate frame 3 3 3 3O x y z , 

1,...,m M= . 

Movements functions 
(3) (3) (3)

, ,u v w  ThrGFE (3)V , 

constructed on a large grid by means of Lagrange 

polynomials, we will present as  

0
(3) (3) (3)

1

,
p

i i

i

u N u
=

=∑
0

(3) (3) (3)

1

,
p

i i

i

v N v
=

=∑  

0
(3) (3) (3)

1

,
p

i i

i

w N w
=

=∑              (11) 

where (2)

iu , (2)

iv , (2)

iw , (2)

iN (3)

iu , (3)

iv , (3)

iw , (3)

iN  – move-

ments and an i  node form function of a ThrGFE large 

grid in the coordinate frame 3 3 3 3O x y z ; 1 2 3, ,p p p  – 

ThrGFE Lagrange polynomials orders on coordinates 

3 3 3, ,x y z , 0 1 2 3p p p p= . 

For decrease in number of ThrGFE nodal unknowns 

the vector of FE (2)

mV nodal movements (2)

mδ  by means of 

(11) we present through the FE (3)V  vector of nodal 

movements (3)δ . As a result, we obtain equality  

(2) (3) (3)

m m=δ A δ ,                        (12) 

where (3)

mA  – a rectangular matrix, 1,...,m M= . 

Substituting (12) in (10) and, minimizing a functional 
(3)П on movements (3)δ , for ThrGFE (3)V we receive  

a matrix ratio (3) (3) (3)=K δ P which corresponds to its 

equilibrium state, where  

(3) (3) (2) (3)

1

( )  
M

T

m m m

m=

=∑K A K A ,
(3) (3) (2)

1

 ( )
M

T

m m

m=

=∑P A P .    (13) 

where (3)K , (3)P  – a stiffness matrix and a nodal forces 

vector of ТhrGFE (3)V .  

Remark 1. The dimension of a vector (3)δ  (i. e. 

dimension of ThrGFE (3)V ) does not depend on TGFE 
(2)

mV  total number included in ThrGFE. Therefore, 

ThrGFE splitting into TGFE (2)

mV  and SGFE (1)

nV  can be 

arbitrarily small that allows to consider a complex hetero-

geneous structure and a form of ThrGFE (3)V .  

Remark 2. The quantity of TGFE layers can be less 

than the number of shell layers. For example, when con-

structing a 6-layer ThrGFE it is possible to use 3-layer 

TGFE (fig. 2) or 2-layer TGFE. As the calculations show, 

it leads to decrease in time expenditure with an insignifi-

cant change of solution error.  

The calculations show that the arrangement of 

ThrGFE large grid nodes on borders of multi-layers pro-

vides the uniform and fast convergence of approximate 

solutions. 
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Using ThrGFE, according to the procedure similar  

to p. 3, we construct 4-grid FE, and k -grid FE, 4k ≥ . 

Let us note that k -grid FE generate discrete models of 

conical shells of smaller dimension, than ( 1)k − -grid FE. 

The proposed method can be used for calculation of 

multilayer conical shells with layers of various thickness. 

Results of numerical experiments  
Example 1. Let us consider a 4-layer elastic console 

conical shell under the influence of external pressure q   

in the Cartesian coordinate system Oxyz , y -axial 

coordinate, h – thickness, L – shell length. At 0y =  a 

shell is rigidly restrained. At shell end faces the radiuses 

of a median surface are equal to R at 0y = and r  at 

y L= , β  – cone angle. Shell layers are isotropic 

homogeneous bodies. Top and bottom layers have 

thickness / 6h , two internal layers – / 3h . Young’s 

modules of 4 layers (starting with internal) are 

respectively equal: 10 ;  3 ;  5 ;  20E E E E , E – an elastic 

module, ν – Poisson’s ratio. The reference points B and 

С on the external surface of the shell lie on the crossing 

of the plane Oyz and transverse sections  / 2;  y L L= . In 

calculations 1/4 part of the shell is used. Basic discrete 

models of the 0

nR  shell consist of the 1st order 

homogeneous SGFE (1)

nV with the reference sizes 

(1) (1) (1) (1)

,1 ,2( )xn xn yn znh h h h× × ,  

(1) (1)

, 1, /xn j x jh h n= , (1) (1)

1 /yn yh h n= , (1) (1)

1 /zn zh h n= , 

1,...,5n = , 1, 2j = ,               (14) 

1j =  corresponds to (1)

nV  size on the circumferential 

coordinate at a larger FE end face, 2j = – at a smaller 

end face (1)

nV . The fine grid dimension of model 0

nR  for 

1/4 shell part is determined according to formulas  

1 324 1nm n= + , 2 324 1nm n= + ,  

3 12 1nm n= + , 1,...,5n = ,                (15) 

where 1

nm  – a grid dimension in the shell tangential direc-

tion, 2

nm  – in axial, 3

nm – in radial.  

On basic models 0

nR , 1,...,5n = , we project multigrid 

discrete models of the nR  shell which consist of Lagrange 

ThrGFE size (1) (1) (1)

,1 ,281 ( ) 81xn xn ynh h h h× × s. ThrGFE consist  

of Lagrange TGFE with sizes (1) (1) (1)

,1 ,29 ( ) 9xn xn ynh h h h× × .  

Lagrange polynomials are used in ThrGFE, which  

are defined by formulas (5) which in local coordinates 

have the third order in the tangential and axial direction 

and the fourth order – in radial that corresponds to quan-

tity of layers in the shell. In discrete models nR  TGFE and 

ThrGFE large grids nodes lie on the common borders of 

heterogeneous layers in shell thickness. 

The results of calculations for discrete models nR  at 

the following values of parameters are given in tab. 1: 

0L h= ; 0R h= ; 00,6r h= ; 00,06h h= ; 00,5q q= − ; 

0 1h =  m; 1E =  h Pа; 0 1q =  MPа; 0,3ν = ; 021,8β = . 

Designations are introduced in tab. 1: 
* 1

0 0/ ( )n nw w q h E−= , *

0/n n qσ = σ , где *

nw , *

nσ  – the di-

mensionless normal movements and the equivalent 

stresses (for the model nR reference points B and С ). We 

determine stresses *

nσ  according to the 4th theory of 

strenght. We get values , (%)nσδ , , (%)w nδ  by the formu-

las  
* * *

, 1(%) 100 % | | /n n n nσ −δ = × σ −σ σ , 

* * *

, 1(%) 100 % | | /w n n n nw w w−δ = × − ,  2,...,5n = .     (16) 

The nature of sizes , (%)w nδ , , (%)nσδ  change shows 

fast convergence of stress *

nσ  and movements *

nw . As for 

model 5R  the values ,5(%) 0,0049w Bδ = , 

,5(%) 0,0232w Cδ =  and values ,5 (%) 0,0272Bσδ = , 

,5(%) 0,007Cσδ =  are small, from the point of view of 

engineering practice it is possible to consider that 

movements *

5( ) 0,82302Bw = − , *

5( ) 0,3879Cw = −  and 

stresses *

5( ) 17,49340Bσ = , *

5( ) 11,6266Сσ =  in the coni-

cal shell reference points B and C  are calculated with a 

small error (less than 0,3 %).   

The comparison of the results received by means of 

ThrGFE (grid1621 1621 61× × ), by means of SGFE 

(grid163 163 13× × ) received in the ANSYS program 

complex (PC) and by means of FE for a two-dimensional 

task of the elasticity theory [13] is given in tab. 2. We will 

consider the numerical results received by means of two-

dimensional axisymmetric task statement [13] the most 

precise within MFE. The smallest error (less than 0,04 %) 

for the field of movements in the reference points B and 

C is also provided by ThrGFE. For the equivalent stresses 

the error is less than 1,2 % for calculation in PC ANSYS, 

and less than 0,4 % when using ThrGFE. SGFE define 

movements with an error less than 0,2 % and the stress 

with an error about 4 % on the free end of a conical shell. 

The grid size for SGFE exhausts the memory capacity 

used by electronic computing machine (ECM) that limits 

the possibility of constructing sequence of solutions by 

means of SGFE.  

The basic discrete model 0

5R dimension (for 1/4 part of 

a shell) is 480364020 (approximately 
90, 48 10× of nodal 

unknowns), MFE SLAE film width – 296710. The 5R  

multigrid model has 54300 nodal unknowns, MFE SLAE 

film width is 2775. Realization of MFE for 5R  multigrid 

model reduces the order solved by MFE SLAE in 
38,8 10×  times and demands in 

60,96 10×  times less 

ECM memory capacity than for the basic model 0

5R in 

which only SGFE are used. The quantity of ThrGFE (400 

ThrGFE) used for calculation in discrete model 5R  is 

14,6 times less than the quantity of FE in PC ANSYS 

(5850 FE). Thus, ThrGFE use when calculating SSS 

allows to save significantly ECM resources in comparison 

with PC ANSYS and when using SGFE.  
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Example 2. Let us consider a conical shell with geo-

metrical sizes and physical properties from example 1 in 

which two identical cutouts are located symmetrically 

relatively the planes Oyz and Oxy , with the length l and  

a cone angle / 4α = π , 4l – the length of a frustum of  

a cone on the generatrix (fig. 3).  

 

 
 

Fig. 3. Shell design scheme 
 

Рис. 3. Расчетная схема оболочки 

 

Standard pressure of the distributed load 00,5q q= − , 

0 1q =  MPa is enclosed on the area of the shell upper face 

0,5 0,75L y L≤ ≤  and a cone angle of a loading area 

/ 2γ = π  symmetrically concerning the plane Oyz . In 

calculations we use a half of a shell. 

In calculation the same basic discrete models and 

Lagrange TGFE and ThrGFE as in example 1 are used. 

The results of calculations for discrete models nR  

( 1,...,7n = ) are given in tab. 3. The nature of values 

change , (%)w nδ , , (%)nσδ  shows fast convergence of the 

equivalent tension nσ and normal deflections nw . 

As for 7R  model deflections values 

,7 (%) 0,025w Bδ = , ,7 (%) 0,030w Cδ =  and values of stre-

ses ,7 (%) 0,1098Bσδ = , ,7 (%) 0,0178Cσδ =  are small, it is 

possible to consider that movements *

7( ) 1,07661Bw = − , 

*

7( ) 1,13964Cw = −  and stresses *

7( ) 10,01830Bσ = , 

*

7( ) 0,61903Bσ =  in the reference points B  and C  of  

LCS  are calculated with a small error  (about 0,03 %  

and 0,11 % respectively) that is considered to be an 

acceptable result from the point of view of engineering 

practice. 

Comparison of these results with the results of task 

calculation is carried our in PC ANSYS. The 

dimensionless values of the equivalent stresses 0σ  and 

normal movements 0w  in points B and C  received in PC 

ANSYS are 0 9,952Bσ = , 0 0,638Cσ =  and 0 1,091Bw = − . 

The relative accuracies of a deviation of movements and 

stresses values in points B  and C  received in 7R  discrete 

model when using ThrGFE from the results received in 

PC ANSYS are less than 1,2 % for movements and less 

than 3 % for stresses. 

In fig. 4 distributions on an external surface of a coni-

cal shell of the dimensionless normal movements 

( * *

5w w= ) in sections / 2;  y L L=  and the equivalent 

stresses ( * *

5σ = σ ) in sections 0; / 2;  y L L=  depending 

on the parameter * /s s P= , s – distance from an axis Oz  

to a point on an external surface of a shell, P – perimeter 

of a shell cross section half are shown.  

Calculation of SSS is carried out by means of ThGFE 

for 7R  model (solid line) and by means of PC ANSYS 

(dashed line). In all chosen sections of the composite shell 

construction it is possible to observe the coincidence of 

SSS, accepted in engineering calculations, received by 

means of ThGFE and PC ANSYS. 

Thr basic discrete model 0

7R  dimension (for 1/2 of the 

shell) is 2460017130 (approximately 
92,46 10×  nodal 

unknowns), the width of MFE SLAE film – 578601. The 

multigrid model 7R  has 199800 nodal unknowns, the 

width of MFE SLAE film is equal to 3840. Realization of 

MFE for the multigrid model 7R  reduces the order of the 

solved MFE SLAE by 12312 times and demands 
61,855 10×  times less than CEM memory capacity than 

for the basic model 0

7R  in which SGFE are used. The 

ThGFE quantity used for calculation in discrete model 7R  

(240 FE) is 35 times less than FE quantity used when cal-

culating in PC ANSYS (8436 FE). 

 

 
Тable 1 

The sequence of solutions for a 4-layer conical shell 
 

nR  

*( )n Bw  

*( )n Cw  

, (%)w n Bδ  

, (%)w n Cδ  

*( )n Bσ  

*( )n Cσ  

, (%)n Bσδ  

, (%)n Cσδ  

1R  –0.82538 

–0.39056 

– 17.41062 

11.69263 

– 

2R  –0.82341 

–0.38867 

0.2392 

0.4863 

17.46738 

11.64802 

0.3249 

0.3830 

3R  –0.82313 

–0.38817 

0.0340 

0.1288 

17.48087 

11.63100 

0.0772 

0.1463 

4R  –0.82306 

–0.38799 

0.0085 

0.0464 

17.48864 

11.62579 

0.0444 

0.0448 

5R  –0.82302 
–0.38790 

0.0049 
0.0232 

17.49340 
11.62660 

0.0272 
0.0070 
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Тable2 

Comparison of calculations results received in different variants of solution 
 

The method  

of task solutuion 

 

*

(%)

B

w B

w

δ
 

*

(%)

C

w B

w

δ
 

*

(%)

B

Bσ

σ

δ
 

*

(%)

C

C С

σ

δ
 

ThrGFE 

 

–0.82302 

0.0255 

–0.38790 

0.0387 

17.49340 

0.3787 

11.62660 

0.0119 

SGFE 

 

–0.82153 

0.1556 

–0.38751 

0.0619 

17.38464 

0.2454 

12.04767 

3.6093 

PC ANSYS –0.82329 

0.0583 

–0.38871 

0.2476 

17.447 

0.1125 

11.760 

1.1354 

[13] –0.82281 –0.38775 17.42740 11.62798 
 

 

Table 3 

The sequence of solutions for a 4-layer conical shell with cutouts 
 

nR  1R  2R  3R  4R  5R  6R  7R  

*( )n Bw  –1.07084 –1.07250 –1.07441 –1.07539 –1.07597 –1.07634 –1.07661 

, (%)w n Bδ  – 0.155 0.178 0.091 0.054 0.034 0.025 

*( )n Сw  –1.12031 –1.13299 –1.13632 –1.13782 –1.13865 –1.13918 –1.13954 

, (%)w n Сδ  – 1.119 0.293 0.132 0.073 0.047 0.030 

*( )n Bσ  9.65343 9.82601 9.92132 9.96536 9.99092 10.00730 10.01830 

, (%)n Bσδ  – 1.756 0.607 0.442 0.256 0.164 0.110 

*( )n Cσ  0.69330 0.63057 0.62157 0.61965 0.61926 0.61914 0.61903 

, (%)n Cσδ  – 9.948 1.448 0.310 0.063 0.019 0.018 

 
 

   
 

а                                      b 

 

Fig. 4. Distribution of deflections *w  (a) and stresses *σ  (b) on the upper surface of the shell in cross sections:  

; / 2;0y L L= . ThrGFE – solid line, ANSYS– dashed line 

 

Рис. 4. Распределение прогибов *w  (а) и напряжений *σ  (б) по верхней поверхности оболочки  

в поперечных сечениях: ; / 2;0y L L= ; ТрКЭ – сплошная линия, ПК ANSYS – штриховая линия 

 

Thus, ThrFE use when calculating SSS allows to save 

significantly CEM resources in comparison with PC 

ANSYS and SGFE that considerably expands MFE 

possibilities in multigrid simulation option. 

Conclusion. In this work the numerical computational 

method of elastic layered conical shells of various form 

and thickness at arbitrary static loading is offered. In this 

method Lagrange MGFE, at construction of which 

Lagrange approximations are applied, are used. Lagrange 

polynomials allow to design large size three-dimensional 

MGFE. Realization of MFE for conical shells multigrid 

discrete models demands several orders less ECM mem-

ory than when using SGFE, and allows to make calcula-

tion of SSS with the given small error for movements and 

stresses. The given examples show high efficiency of the 

proposed method of conical shells calculation using 

MGFE which provide small error of solutions and save 

ECM resources. 
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