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The paper discusses new classes of models of multidimensional inertia-free systems with a delay in the conditions of 

a lack of a priori information. The subject is multidimensional discrete-continuous processes, the components of the 
vector of output variables of which are stochastically dependent in an unknown way. There are also processes, through 
some channels of which aprior information corresponds simultaneously to both the parametric and nonparametric type 
of source data about the studied process. The mathematical description of such processes leads to a system of implicit 
nonlinear equations, some of which will be unknown, while others will be known with accuracy to the parameter vector. 
The main purpose of a model of an object having stochastic dependencies of output variables is to find a forecast of 
output variables with known input variables. 

To find the predicted values of the output variables from known inputs, it is necessary to solve a system of implicit 
nonlinear equations. The problem is to solve a system that is actually unknown, when only equations for some channels 
of a multidimensional system are known. Thus, a rather nontrivial situation arises when solving a system of implicit 
nonlinear equations under conditions when, in one channel of a multidimensional system, the equations themselves are 
not in the usual sense, and in others they are known accurate to parameters. Therefore, an object model cannot be con-
structed using the methods of the existing identification theory because of a lack of aprior information. The purpose of 
this work is the solution of the identification problem in the presence of a partially-parameterized discrete-continuous 
process, and despite the fact that the parameterization stage cannot be overcome without additional priori information 
about the process under study. 

The control algorithm for multidimensional processes with dependencies of output variables is a sequential multi-
step algorithmic chain that allows finding the control action and bring the object to the desired state. 

Computational experiments to study the proposed models and to control multidimensional discrete-continuous proc-
esses have shown quite satisfactory results. The article presents the results of computational experiments illustrating 
the effectiveness of the proposed technology for predicting the values of output variables from known input variables, as 
well as for managing these processes. 
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В настоящей статье рассматриваются новые классы моделей многомерных безынерционных систем  

с запаздыванием в условиях недостатка априорной информации. Речь идет о многомерных дискретно-
непрерывных процессах, компоненты вектора выходных переменных которых стохастически зависимы зара-
нее неизвестным образом. Но также существуют процессы, по некоторым каналам которых априорная  
информация соответствует одновременно как параметрическому, так и непараметрическому типу исходных 
данных об исследуемом процессе. Математическое описание подобных процессов приводит к системе неявных 
нелинейных уравнений, одни из которых будут неизвестны, а другие известны с точностью до вектора пара-
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метров. Основное назначение модели объекта, имеющего стохастические зависимости выходных переменных, 
состоит в нахождении прогноза выходных переменных при известных входных. 

Для нахождения прогнозных значений выходных переменных по известным входным необходимо решить 
систему неявных нелинейных уравнений. И тут возникает странная ситуация, так как необходимо решить 
систему, которая на самом деле неизвестна, но могут быть лишь известны уравнения по некоторым каналам 
многомерной системы. Таким образом, возникает довольно нетривиальная ситуация решения системы неяв-
ных нелинейных уравнений в условиях, когда по одним каналам многомерной системы самих уравнений в обыч-
ном смысле нет, а по другим они известны с точностью до параметров. Поэтому модель объекта не может 
быть построена с помощью методов существующей теории идентификации в результате недостатка апри-
орной информации. Основным содержанием настоящей работы является решение задачи идентификации при 
наличии частично-параметризованного дискретно-непрерывного процесса и при том, что этап параметриза-
ции не может быть преодолен без дополнительной априорной информации об исследуемом процессе. 

Алгоритм управления многомерными процессами с зависимыми выходными переменными представляет со-
бой последовательную многошаговую алгоритмическую цепочку, позволяющую найти управляющее воздейст-
вие и привести объект в желаемое состояние. 

Вычислительные эксперименты по исследованию предлагаемых моделей и по управлению многомерными 
дискретно-непрерывными процессами показали достаточно удовлетворительные результаты. В статье  
приводятся результаты вычислительных экспериментов, иллюстрирующих эффективность предлагаемой 
технологии прогноза значений выходных переменных по известным входным, а также по управлению данными 
процессами. 

 
Ключевые слова: многомерный дискретно-непрерывный процесс, идентификация, управление, Т-модели,  

КТ-модели. 
 
Introduction. Consideration and study of multidi-

mensional inertial processes with a delay, which have a 
stochastic dependence of output variables, is a relatively 
urgent task. Since such processes are typical for many 
popular industries, such as metallurgy (steel melting), 
construction industry (cement production), energy (coal 
burning), oil refining (increasing the cold flow of diesel 
fuel) [1], as well as in active systems, such as the educa-
tional process (acquisition of knowledge by University 
students) [2]. Such processes are characterized by the lack 
of necessary aprior information. The researcher, in such 
circumstances, should model and manage such multidi-
mensional discrete-continuous processes. These processes 
are dynamic in nature, but controlled at discrete time in-
tervals, including various ones. Inertia-free systems are 
considered with known delays, for example, when the 
object's time constant is 5–10 minutes, and the control of 
the output variable is measured once every two hours. 
This leads to the dependence of output variables, for ex-
ample, in the production of cement, the main output indi-
cator – the activity of cement (compressive strength)  
depends on another output indicator – the fineness of 
grinding. 

Processes with stochastic dependence of output vari-
ables refer to T-processes [3]. The main point here is that 
the identification of such objects should be carried out in 
a way that is not traditional for the existing identification 
theory [4]. There are also cases when aprior information 
corresponds simultaneously to both nonparametric and 
parametric types of source data about the studied. Such 
processes refer to KT-processes [3]. 

The main feature of T-processes and KT-processes is 
that the mathematical description of an object is repre-
sented as some analog of a system with partially param-

eterized functions  , , 0, 1,jF u x j n    and unknown 

functions   , 0, 1,jF u x j n  .  Thus, the identification 

problem is reduced to the problem of solving a system of 
nonlinear equations of a partially parameterized discrete-
continuous process relative to the components of vector 

 1 2, ,..., nx x x x  , with known values of input variables 

 1 2, ,..., mu u u u  . Specific identification tasks will dif-

fer in different volumes of aprior information through 
various channels of the multidimensional process, and in 
their specific flow.  

Researchers have to deal with a system of different 
types of equations from the point of view of mathematics, 
the solution of which requires the development of special 
methods [5]. In this case, it is advisable to use the theory 
of nonparametric systems [6; 7]. 

Processes with the stochastic dependence of output 
variables. As noted earlier, T-processes are multidimen-
sional inertia-free processes with stochastic dependence 
of output variables. In fig. 1, we consider a multidimen-
sional system that implements the T-process. 

In fig. 1 the following notation is used:  1,..., mu u u  – 

m-dimensional vector of input variables,  1,..., nx x x  – 

n-dimensional vector of output variables,  t  – random 

interferences effecting the process. The vertical arrows on 
the output variables show their dependencies. Through 
various channels of the multidimensional process, the 
dependence of the j-th component of the vector can be 
represented as a certain dependence on certain compo-

nents of the vector u :   , 1,j j
jx f u j n     .  

Such functions are determined basing on the available 
aprior information. Such correlations are called a compos-
ite vector. A composite vector is a vector composed  
of some components of input and output variables,  
in particular, it can be any set, for example 

 5
2 5 7 8, , ,x u u u u   ,  6

3 4 7 2, , ,x u u u x    [8]. 
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Fig. 1. The multidimensional system that implements the T-process 
 

Рис. 1. Многомерная система, реализующая Т-процесс 
 
 
The mathematical description of an object is repre-

sented as a system of implicit functions of the next form 

    , 0, 1,jF u t x t j n   . The identification problem 

is reduced to the problem of solving a system of nonlinear 
equations: 

 

    , 0, 1,jF u t x t j n                        (1) 
 

relative to the vector components x , with known values 
of the input variables u . 

Note that the type of equations  jF  , 1,j n  remains 

unknown and cannot be interpreted as a model of the 
process under study. The task is to model such processes, 
i.e. T-processes. 

Partially-parameterized multidimensional proc-
esses. Partially-parameterized multidimensional KT-
processes differ from T-processes because their aprior 
information may correspond to a parametric type in some 
channels, and nonparametric in others. 

A feature of identifying a multidimensional object is 
that the process under study is described by a system of 
implicit stochastic equations of the form: 

 

      , , 0, 1,jF u t x t t j n     ,          (2) 
 

where for some channels the functions  jF 
 

are not 

known, and for other channels they are known,   – a de-
lay over various channels of a multidimensional system 
[3]. In the future, for reasons of simplicity,   will be 
omitted by shifting the values in the observation matrix 
by a value  . 

In this case, the system of equations will take the 
form: 

 

 
 

 
 

1

2

1

, , 0,

, , 0,

... 1,

, 0,

, 0.

j j

j j

j j
n

j j
n

F u x

F u x

j n

F u x

F u x

   

   

   


   

  

  
 







,         (3) 

 

where  ˆ
jF    are partially parameterized or unknown,   

is the parameter vector. 

Modeling of multidimensional inertia-free proc-
esses. Multidimensional KT-models combine T-models 
and K-models and represent a model in which there is a 
set of relationships between input and output variables, 
and they are known through some channels, for example, 
based on known laws of physics, and such dependencies 
are unknown through other channels. I. e., the presence of 
aprior information on various channels of a multidimen-
sional object corresponds to both parametric and non-
parametric types of source data. Therefore, we present the 
model system in the following form: 

 

 
 

 
 

1

2

1

ˆ ˆ, , 0;

ˆ ˆ, , 0;

... 1, ,

ˆ , , , 0;

ˆ , , , 0.

j j

j j

j j
n s s

j j
n s s

F u x

F u x

j n

F u x x u

F u x x u

   

   

   


   

  

  
 







 

 

           (4) 

 

where ,s sx u
 

 – the time vectors (the data set received by 

the s-th moment of time), and ,j ju x    – the composite 
vectors. However, even in this case, some functions 

 ˆ , 1,jF j n   remain unknown. Therefore, the problem 

of constructing KT-models is considered in conditions  
of nonparametric uncertainty, i.e. in conditions when  
the system (4) is known only through some channels  
and is not known to the accuracy of parameters through 
others. 

The identification problem comes to the fact that for 
given values of the vector of input variables, it is neces-
sary to solve system (4) with connection to the vector  
of output variables. For some channels of a multidimen-
sional system, for which equations are known up to pa-
rameters, the coefficients are found, for example, by  
stochastic approximations or the least-squares method  
[9; 10]. For the other channels, where the equations with 
accuracy up to the parameter vector are unknown, the 
following two-step algorithmic chain [3] must be applied, 
which allows to find the predicted values of the vector of 
output variables from the known input ones. In the first 
step, the residuals are calculated using the following for-
mula: 

 

  , , , , 1,j j
ij j s sF u x i x u j n     

 
,           (5) 
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where   , , ,j j
s sF u x i x u     

 
accepted in the form of a 

nonparametric estimate of the regression function Nada-
raya-Watson [11]: 

 

    

  1 1

1 1

,

[ ]
[ ] Ф

,
[ ]

Ф

k

k

j
j j j
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k k

j
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j ms
k k

sui k

i F u x i

u u i
x i
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x i

u u i

c

 


 

 

 

 

  

  
  
  

  
  
 

 


          

       (6) 

 

where 1, ,j n m    – the dimension of the composite 

vector ku , then this notation is used for other variables. 
Moreover, the dimension of the composite vector may be 
different for different channels. Bell-shaped functions 

 Ф   and the blur parameter 
ksuc  satisfy certain conver-

gence conditions and have the following properties [12]: 
 

 

 Ф    ; lim 0s sc  ; 

  
 

1Ф [ ] 1
ksu k k

u

c u u i du



   ;                  (7) 

    1 1lim Ф [ ] [ ]
k ks su su k k k kc c u u i u u i 

      ; 

lims ssc   .                               (8) 
 

The second step is to evaluate the conditional mathe-
matical expectation: 

 

 | , 0 , 1,j
jx M x u j n     .            (9) 

 

As a result the forecast for each component of the out-
put variable vector will be as follows: 

 

1 1 2

1 2

1 1 2

1 2

1 1 1

1 1 1
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[ ] Ф Ф
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Ф Ф
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x i
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x
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c c

j n

   

  

   

  

    
    

   
    

   
   



  

 
   (10) 

 

 

where the bell-shaped functions can be taken as a triangu-
lar core (11) and (12), and satisfy the conditions presented 
above. 

 

1 1 1 1
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c i
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 (12) 

The nonparametric algorithm (6), (10) is a two-step 
algorithmic chain that allows to find the predicted values 
of the components of the output vector for known compo-
nents of input variables, in the case of stochastic depend-
ence of output variables. 

The relative standard deviation is taken as the error 
function: 

     
  

2

1

2

1

ˆ
1

, 1,

j

s
i i j
j j

i
j s

i
j x

i

x t x u t

j n
s

x t M

 






  






,    (13) 

where  i
jx t

 
– observation on the object,   ˆi j

jx u t  – 

forecast values of the object's output variables, 
jxM  – the 

average value for each component of the vector. 
The problem of managing multidimensional dis-

crete-continuous processes. Consider the scheme of a 
multi-dimensional object control system (fig. 2). 

In fig. 2 the following notations are used: 
        1 2, ,..., mu t u t u t u t  – input controlled variables 

of the process; – input free, but controllable variables of 

the process;         1 2, ,..., nx t x t x t x t  – output vari-

ables of the process;    1,..., n
nx x x x R      – setting 

action,  t  – random interferences affecting the process.  

Control of T-objects is considered in conditions of 
nonparametric uncertainty, i. e. in conditions when the 
process model with accuracy up to the parameter vector is 
completely absent. 

 

 
 

Fig. 2. Diagram of a nonparametric control system of an inertia-free object 
 

Рис. 2. Схема непараметрической системы управления  
безынерционным объектом  
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In this case, the known techniques are not applicable 
and you should use other approaches to solve the prob-
lem. 

In the problem of controlling a multidimensional 
process with stochastic dependence of output variables, 
the following multi-step algorithmic chain must be used: 

we take the input variable  *
1u t  arbitrarily from the area 

 1u . Any other input variable can be taken from the 

specified area at any time. The next input variable  *
2u t  

is found in accordance with the following algorithm: 
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,      (14) 

 

where ,n p     – dimension of the corresponding 

composite vectors x  and  , ,n n p p      . 

Then we find the input variable  tu*
3  as follows: 

 
 

1 2

1 2

* *
1 1 2 2

3
1 1

1*
3

* *
1 1 2 2

1 1

1

Ф Ф Ф

Ф

Ф Ф Ф

Ф

j

j

ii i ns
j ji

xi ju u

p i

ii i ns
j j

xi ju u

p i

x xu u u u
u

cc c

c
u

x xu u u u

cc c

c





 

 

  
 

 

 

 

  
 

 

            
     
     
   
 
 

            
     
     

   
 
 

 



 



, (15) 

 
 

And then the control algorithm continues to find each 
component of the object's input, and with each subsequent 
step, the values of the input variables found in the previ-
ous step are added to the formula. The control algorithm 
for a multidimensional system: 
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. (16) 

 

In the control algorithm (16), the blurring parameters 
for input and output variables remain configurable 

kuc ,
jxc  and с


, the following formulas can be used for 

them: *
k

i
u k kс u u     , *

j

i
x j jc x x    

 
and 

* iс
        , where ,    and   some parame-

ters greater than 1, and the parameter 0 1    . Note that 

the selection of blur parameters 
kuc , 

jxc  and с
  

is per-

formed at each control cycle. In this case, if 
kuc  is defined 

first, then the definition 
jxc  and с

  
is carried out accord-

ing to this fact. The order in which the blurring parame-
ters  

kuc ,
jxc
 
and с

  
are defined is not important. 

Often in real process control tasks, the number of 
component vector u  is greater than the number of com-
ponent vector x . If the dimension of the vector u   
exceeds the dimension of the vector x , i. e. m n ,  
it is usually done as follows. To the number of component 
vector   some (non-essential) components of the vector 

u  are included, so that the dimension of the vector u  
and x  to be equal. 

Computational identification experiment. A multi-
dimensional object with input variables 

 1 2 3 4, , ,u u u u u  and output variables  1 2 3, ,x x x x  

was used for the computational experiment. A training 
sample of input and output variables was formed for the 
object under consideration, based on a system of equa-
tions consisting of two parametric and one nonparametric 
channels. As a result, a training sample was obtained 

,s su x
 

, where ,s su x
 

 are the time vectors. In case we had a 

real object, the training sample would be obtained in the 
process of measurements performed by the available con-
trols. 

After receiving a sample of observations ,s su x
 

, you 

can start the task under study – finding the predicted  
values of output variables x  based on known input  
variables u . The forecast for each component of the out-
put variable vector is made according to the formula (10). 

The configurable parameters are the blur parameters 

suс  and sc  , which in this case are equal to 0.4 and 0.3, 

respectively (the values were determined as a result  
of numerous experiments to reduce the quadratic error 
between the output of the object and the model). Sample 
volume 1000s  , uniform interference that affects the 
components of the vector of output variables 0,07  . 

Graphs for the outputs of the object 1 2,x x  and 3x  (fig. 3–5). 

In fig. 3–5 “point” denotes the output value of the ob-
ject, and “x” are values of the patterns found by the algo-
rithm (5), (9). For clarity of the results in the figures, there 
are 20 sample points. The model describes the object 
fairly well with 7 % interference affecting the components 
of output variables. 

Computational control experiment. The results of 
computational experiments for a multidimensional object 
with input variables  1 2 3 4, , ,u u u u u  and output vari-

ables  1 2 3, ,x x x x  using a multistep control algorithm 
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(13). For the object under consideration, the number of 
component vector u  is greater than the number of com-

ponent vector x . So replace    4u t t   to make the 

dimension of the vector u equal to x . The input variable 

is free but controlled    [0, 3]t   . 

We underline that the researcher is not familiar with 
the type of system of equations that describes a controlled 
multidimensional object. Measurements of input and out-
put variables are used as information about the object 
under study. 

First, we present the results of the multistep control 

algorithm (16) with a variable step setting effect  *
1x t  

(fig. 6). 

As you can see from fig. 6, the output of the object 

 1x t  is quite close to the setting effect  *
1x t . Here are 

the results of the algorithm with a soft changing setting 

effect  *
2x t  (fig. 7). 

Here are the results of the algorithm when the task 

 *
3x t  is random (fig. 8). 

Fig. 8 shows that the output of the object  3x t  is also 

quite close to the setting effect  *
3x t . None of the known 

regulators can cope with such a task when the setting ef-
fect is random [14].  

Still, this case is interesting from a theoretical point  
of view.  

 
 
 

 
 
 

Fig. 3. The predicted values of the output variable 1x  with an interference of 7 % 

 
Рис. 3. Прогнозные значения выходной переменной 1x  при помехе 7 % 

 
 
 

 
 

Fig. 4. The predicted values of the output variable 2x  with an interference of 7 % 

 
Рис. 4. Прогнозные значения выходной переменной 2x  при помехе 7 % 
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Fig. 5. The predicted values of the output variable 3x  with an interference of 7 % 

 
Рис. 5. Прогнозные значения выходной переменной 3x  при помехе 7 % 

 
 

 
 

Fig. 6. Control under the setting action  *
1x t   in the form of a step function 

 

Рис. 6. Управление при задающем воздействии  *
1x t  в виде ступенчатой функции 

 
 

 
 

Fig. 7. Control under the set action  *
2x t  in the form of a soft changing function 

 

Рис. 7. Управление при задающем воздействии  *
2x t  в виде плавно изменяющейся функции 
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Fig. 8. The dependence of the output of the object  3x t  on the setting effect  *
3x t ,  

which is of random nature 
 

Рис. 8. Зависимость выхода объекта  3x t  от задающего воздействия  *
3x t ,  

носящего случайный характер 
 
 
Conclusion. In this paper, the problem of identifica-

tion and control of multidimensional inertia-free systems 
with a delay in the conditions of a lack of aprior informa-
tion considered. We note the fact that identification  
and control problems are considered under conditions  
of nonparametric uncertainty and, as a result, can not be 
presented with accuracy to a set of parameters. Well-
configured modeling and control algorithms can be suc-
cessfully applied in real control systems, diagnostics, de-
cision-making, etc. [15]. 

These computational experiments on identification 
and control have shown satisfactory results of modeling 
multidimensional processes. At the same time, we inves-
tigated issues related to the introduction of various inter-
ference, different volumes of training samples, but also 
objects of different dimensions. 
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