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In this research, the authors solved a two-dimensional elastic-plastic problem of the stress state under complex
shear conditions in the body weakened by a hole that is bounded by a piecewise smooth contour. The stress state of a
complex shear occurs in a cylindrical body of infinite length under the action of loads directed along the cylinder gen-
erators and constant along the generators. At the same time, with a sufficiently large load, both elastic and plastic
zones appear in the body. As in any problem of this kind, it is necessary to find a previously unknown boundary separat-
ing the elastic and plastic zones. Finding such a boundary is not an easy task, but the specificity of elastic-plastic prob-
lems of complex shear is that solving such problems is easier than solving similar elastic problems. Apparently, for the
first time this fact was noted by G. P. Cherepanov.

A lot of research is devoted to elastic-plastic problems of complex shear in the case of homogeneous and isotropic
plasticity. All articles that solve complex shear problems essentially use the representation of stresses and displace-
ments in the elastic zone in a complex form. In this research, the problems of complex shear are solved using conserva-
tion laws. It is assumed that the yield strength is a function of the coordinates of the point where the stress state is being
studied. It is known that the elastic properties of structural materials can be homogeneous and isotropic, while their
yield point and strength are inhomogeneous. This situation is observed, for example, in the case of neutron bombard-
ment of structural materials. This research will examine exactly this situation. The article presents conservation laws
for equations describing a complex shear. It was assumed that the components of the conserved current depend on the
components of the stress tensor and coordinates. The components of the stress tensor are included in them linearly. The
problem of finding the components of the conserved current was reduced to the Cauchy-Riemann system. The solution
of this system allowed us to reduce the calculations of the stress tensor components to a curvilinear integral along the
contour of the hole and thus find the boundary between the elastic and plastic areas.

Keyword: elastic-plastic problem, inhomogeneous plasticity, complex shear, conservation laws.
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B pabome pewena nnockas ynpy2oniacmuieckas 3a0a4a 0 HANPSNCEHHOM COCMOSIHUU 8 YCI0BUSX CILONCHO20 COBU-
2a 6 meje, 0CIAONIEHHOM OMEEPCMUEM, KOMOPOE 02PAHUYEHHO KYCOUHO 2IA0KUM Konmypom. Hanpsowcennoe cocmosinue
COJHCHO20 CO8U2A BO3HUKAEM 8 YUTUHOPUUECKOM mee 6eCKOHeu Ol ONUHbL NOO OelicneueM HA2PY30K, HanpasieHHblX
1o 00pa3yIoWUM YUIUHOPA U NOCNOSHHBIM 80016 00pasyiowux. Ilpu smom npu docmamouno 6o1bwIoU HacpysKe 8 me-
Jle 8BO3HUKAIOmM KAK ynpyaue, mak u niacmudeckue 30usl. Kax u 6 n110601i 3a0aue no0ob6Hoz2o pooa 603HuUKaem Heodxo-
OUMOCMb 8 HAXONHCOCHUU 3aPaHee HeU38eCMHOU PAHUYbL, PA30esiiouell ynpyaylo u niacmu4eckyto 30usl. Omvickanue
Maxoul 2paHuybl He NPOCMast 3a0ayd, HO CReyu@uKa yYnpyeonIacmudecKux 3a0ay 0 CJIONCHOM CO8Uee COCIMOUm 6 mom,
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ymo peuienue NOOOOHLIX 3a0ay Npowe, Yem peuleHue aHaloudnbix ynpyeux zaoad. Ilo-eudumomy, enepgvie smom
gaxm ommemun I'. I1. Yepenanos.

Ynpyzonnacmuueckum 3adauam o crodxcrnom coguce 6 ciyuae 0OHOPOOHOU U U3OMPONHOU NAACIUYHOCIU NOCBAUYe-
Ha obwupHas tumepamypa. Bo écex cmamousx, 8 KOMOPbIX peuwaomes 3a0a4u 0 CIONCHOM CO8U2e, CYUWeCMBEHHO UC-
NONbL3YIOM Npedcmaesienue HanpANCeHUll U CMewerull 8 Yynpyol 30He 8 KOMNIeKCHOM 8ude. B npednazaemoti pabome
peuenpl 3a0a4il 0 CIONACHOM CO8U2E C NOMOUbIO 3aKOHO8 coxpanenus. [Ipu smom npednonazaemcs, ¥mo npeoei mexy-
yecmu A615eMcst PyHKYuell om KOOpOUHAm MOYKU, 8 KOMOPOU UCCIeOYemcsi HanpsdceHnoe cocmosinue. Hzgecmuo,
umo ynpyaue ce0tCmea KOHCMPYKYUOHHBIX MAMEPUANIO8 MO2Ym Obinb 0OHOPOOHBIMU U USOMPONHBIMU, A NPU IMOM UX
npeden mexkyyecmu u NPOYHOCU — HEOOHOPOOHbIM. Takas cumyayus HaOI0O0aemcs, Hanpumep, HPU HelmpoHHOU
bombapouposke KOHCMPYKYUOHHBIX Mmamepuanos. B oannou cmamve Oyoem u3yueHa UMEHHO MAKAS CUMYAYUS.
B cmamuve npugedenvl 3axonvl coxpanenusi 0iisk ypagHenull, OnUCLBAIoOwux CrodicHwill cogue. Ilpu smom npeononaea-
JI0Cb, YMO KOMNOHEHMbI COXPAHAIOWE20CS MOKA 3a6UCSIN OM KOMHOHEHM MEH30pa Hanpsicenull u koopounam. Kom-
NOHEHMbl MEH30PA HANPANCEHUT 6X00SM 8 HUX JUHelHo. 3a0ayua 0 HaxodcOeHUuuw KOMHOHEHM COXPAHAIOUe20Cs MoKa
csenace Kk cucmeme Kowu—Pumana. Pewenue smotl cucmemvl no3604UlU CEECMU GbIYUCICHUS KOMNOHEHM MeH30pa
HANPANCEHUU K KPUBOIUHETHOMY UHIMEeZPATy NO KOHMYPY OMEEPCmusl U mem camblM Halmu SpaHuyy mexncoy ynpyeou u
naACmuYecKol 0o1acmamu.

Knrouesvie crosa: ynpyeonjiacmudeckas 3610(1'—!61, HeOdHOpOdHaﬂ NIACMUYHOCIb CTIOJCHBIU 0081/{2, 30KOHbl COXPAHEHUS.

Introduction. The stress state of a complex shear oc-
curs in a cylindrical body of infinite length under the ac-
tion of loads directed along the generators of the cylinder
and constant along the generators [1]. At the same time,
with a sufficiently large load, both elastic and plastic
zones appear in the body. As in any problem of this kind,
it is necessary to find a previously unknown boundary
separating the elastic and plastic zones. Finding such a
boundary is not an easy task, but the specificity of elastic-
plastic problems about complex shear is that the solution
of such problems is easier than the solution of similar
elastic problems. Apparently, this fact was first noted
by G. P. Cherepanov [1].

A lot of research is devoted to the elastic-plastic prob-
lems of complex shear in the case of homogeneous and
isotropic plasticity, and its review can be seen, for exam-
ple, in [1]. In all articles that solve complex shear prob-
lems, the representation of stresses and displacements in
the elastic zone in a complex form is significantly used. In
this research, we solve the problem of complex shear us-
ing conservation laws. For the first time, plasticity prob-
lems were solved using conservation laws in [2-6]. In
articles [3; 7-12], the method of conservation laws was
successfully applied to finding elastic-plastic rods and
beams. In this article, this technique is used for the first
time to solve elastic-plastic problems. And it is assumed
that in the plastic area, the yield strength is a function of
the coordinates of the point at which the stress state is
studied. It is known that the elastic properties of structural
materials can be homogeneous and isotropic, and their
yield strength and strength — inhomogeneous. This situa-
tion is observed, for example, in the case of neutron bom-
bardment of structural materials [13]. This article will
study exactly this situation.

1. Basic ratios. The shear and stress fields in this case
are as follows [1]

u=v=0, w=w(x,y),
Gx:Gy:Gz:Txy:()’ (1)
1 .2
T.=1 (x,y),ryz =1 (x,y).
Here u, v, w — shear vector components, G0,

c,,T,,,T

S T,, — stress tensor components, x, y, z — car-

xz° Vyz
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tesian coordinates, the z axis is directed parallel to the
generator

1 2
9T L 9% ), ( equilibrium equation): )
ox 0oy
T = Ga—w, = G@, ( Hooke's law). 3)
ox oy

Here G — a constant called the shear modulus.
From (2), (3) follow the ratios in the elastic zone

2 2

Z—Z”—Zy—?ﬂ; @)
X

o _o .
dy  ox

From (2) and (5) it follows that 72
Cauchy-Riemann equations

satisfy the

1 2 1 2
F=000 0 =TTy (6
ox Oy oy Oy
In the plastic area, there is a ratio (2), and also
(") +(t%)* = k? (the yield condition); (7)
20w ow (Genki equation). (8)
Ox oy

Here k(x, y) — some smooth function equal to the
yield strength at pure shear [13].

At the boundary of elastic and plastic areas, stresses
and shears are assumed to be continuous.

2. Conservation laws. The conservation law for the
system of equations (6) is the following ratio

GA(x,y,rl,tz) GB(x,y,‘cl,rz)
ox " Oy

=0'F+0’F, (9)

where ® =o' (x,y,7',7°) — some functions that are si-

multaneously not not equal to zero.

Comment. A more general definition of conservation
laws and their use in the mechanics of a deformable solid
can be found, for example, in [4; 6; 14]. In [15], you can
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read about the application of the group analysis technique
for constructing solutions for the equations of inhomoge-
neous elasticity theory.

For the purposes set out in the article, a simplified
formulation in the form of (9) is quite appropriate.

In the case of (9), the values 4 and B are called the
components of the conserved current.

Let us assume that components 4 And B have the fol-
lowing form

A=a't' +p'? +y B=o’t' +pP7 97, (10)
where o' =o' (x, ), B =p'(x, ), v =y (x,») — some
smooth functions to be defined. Substituting (10) in (9),
as a result we get
o T +olt +B T +BlT +yy FarT +alt + B +
+ B%i +yi = (rL +ri)+w2 (rlv —Ti)=0, (11)

where the index at the bottom means the derivative of the
corresponding variable.
From (11) we get

o' =0 B =—o?, ol =, BF =o',
1, 2 1,32 1,2 (12)
a, +oy, =0,B,+p;, =0, v, +v;, =0.
From (12), excluding o' we get
o, By, =0.B, +al =0y, +77=0.  (13)

Due to the ratios (12), the components of the con-

served current have the form
A=a't +p'?? +9', B=—p't' +a'? +y%.

(14)

Since the right part (9) is zero, by Green formula we
obtain

IIS(AX +B, )dxdy = Ias Ady — Bdx =
15
N as(altl +p'v ﬂ’l)dy_(_ﬁltl +a't? +Y2)dx =0. (9

—_

Where S — area, 0S — its piecewise smooth border. All
functions included in (15) are assumed to be smooth.

Elastic plastic problem for an arbitrary hole in the
case when the plastic area covers the entire hole. Let
C — a piecewise smooth contour with a load applied to it

(16)

where (I',/*) — the components of the normal vector to

1,22
't +0°1" =1,

tn|Sk,

contour C. The contour of the plastic area L completely
covers the hole C (see fig. 1).

In this case, in addition to condition (16), the yield
condition (7) on the contour C is also satisfied. Thus,
there are two conditions on C:

M'M'+P7 =1, () +() =k (17)

From conditions (17), we find the stress tensor com-
ponents on the conour C:

=1, Pk -1,
e N A= LN S

Further, for certainty in formulas (18), we will choose
the upper sign.
4. The use of conservation laws to find the stress

tensor component in the area. Let the point M (x,,,,,)

(18)

lie outside of contour C. Let us build a radius € circle
centered at point M. We have
€: (x—xm)2 +(y—ym)2 =¢?. Let D be a straight line
connecting point M with contour C. We get a closed con-
tour consisting of a circle €, a straight line D, and contour
C (fig. 2).
From (15) we get
@C Ady — Bdx + I Ady — Bdx +
>

(19)
+ j Ady—de+jAdy—de =0.
D 3

Fig. 1. Elastic-plastic problem for an arbitrary hole in the case when
the plastic area covers the entire hole

Puc. 1. Yrpyro nnactudeckas 3agada A7l IPOU3BOJIBHOTO OTBEPCTHS B CIIyYae,
KOT/Ia MIacTUUeCKast 001acTh OXBATBIBAET BCE OTBEPCTUE
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/

Fig. 2. Closed contour consisting of a circle €, straight line D, and contour C

Puc. 2. 3aMKHYTbII KOHTYp, COCTOALLMI U3 OKPY>KHOCTU € , IpssMoii D u konTypa C

The sum of the second and third terms in (19) is zero,
since the integrals are calculated in different directions.
Finally from (19) we have

j Ady — Bdx = ‘SB Ady — Bdx. (20)
C 3

We transform the right side of equation (20) by intro-
ducing parameterization x=gcoscost, y = esint,

0<t<2m Asaresult, we have

(j) Ady — Bdx = ej;n(Acost + Bsint) dt. 21
Let in (15)
1 X 1 Yy
o =07, p == (22)
24yt P
Then from (21) we get
2n
_[‘ Ady—Bydx = SJO (Acost + Bysint) dt =
’ (23)

2
- J.o "1'dt =2nt' (X5 Vi )-

The last equality in (23) is obtained using the theorem
on the mean at ¢ tending to zero.

Let in (15)
1 Y 1 X
o = , B = . (24)
[ B [
Then from (21) we get
2n
CJS A,dy—B,dx = SJ. (Aycost + B,sint) dt =
€ 0 (25)

2
= .[0 "dt = 2n7? (X5 V)

The last equality in (25) is obtained using the theorem
on the mean at ¢ tending to zero.

The last equality in (25) is obtained using the theorem
on the mean at ¢ tending to zero.

From the formula (20), as well as from (23) and (25),
we get

Cj)c Ady — Bidx = -2nt' (xm,ym ),

5 (26)
(ﬁc Aydy — Bydx = -27t° (x,,, ,, )-

Formulas (26) make it possible to find the components
of the stress tensor at any point outside the contour C.
This allows to set the boundary between the elastic and
plastic areass. If the condition of plasticity

(t')? +(1*)’ =k’ is satisfied at a point x,,,y, , then this
point belongs to the plastic area, when the condition
(rl)2 + (rz > < k? is satisfied , to the elastic.

Comment. The above formulas allow us to solve elas-
tic-plastic problems, even if the plastic contour does not

completely cover the contour C, provided that the plastic-
ity condition is satisfied on the contour C (7).
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