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In this research the issue of inertialess processes modeling is under study. The main modeling algorithm is the non-

parametric recovery algorithm of the regression function. The algorithm allows to build a process model under condi-
tions of low a priori information. This feature may be particularly important in modeling processes of large dimensions 
prevailing in the space industry. One important feature of the algorithm for nonparametric estimation of the regression 
function is that the accuracy of modeling using this algorithm highly depends on the quality of the observations sample. 
Due to the fact that in processes with large dimensions of input and output variable vectors observation sampling  
elements are in most cases unevenly distributed, the development of modifications to improve the quality of modeling  
is relevant. 

The modification of the nonparametric dual algorithm based on piecewise approximations has been developed.  
According to the proposed modification, the process area is divided into sub-areas and a non-parametric estimate of 
the regression function for each of these sub-areas is recovered. The proposed modification reduces the impact of some 
observation sampling features, such as sparseness or voids in observation samples on the quality of the built model. 

The computational experiments were carried out, during which a comparison was made between the classical algo-
rithm of non-parametric estimation of regression function and the developed modification. As the computational ex-
periments have shown, with uniform distribution of the sample elements of observations, the developed modification 
does not lead to the improvement of the quality of modeling. With a substantial uneven distribution of the observations 
sample elements, the developed modification resulted in a 2-fold improvement in the quality of the simulation. The re-
sults suggest that the proposed modification can be used to model complex technological processes, including those in 
the space industry. 
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Рассматривается вопрос моделирования безынерционных процессов. В качестве основного алгоритма мо-

делирования используется алгоритм непараметрического восстановления функции регрессии. Рассматривае-
мый алгоритм позволяет построить модель технологического процесса в условиях малой априорной информа-
ции. Это может быть важно при моделировании процессов больших размерностей, превалирующих в косми-
ческой отрасли. Одной из важных особенностей алгоритма непараметрической оценки функции регрессии 
является то, что точность моделирования с использованием этого алгоритма сильно зависит от качества 
выборки наблюдений. В связи с тем, что в процессах с большой размерностью векторов входных и выходных 
переменных элементы выборки наблюдений в большинстве случаев распределены неравномерно, разработка 
модификаций, позволяющих улучшить качество моделирования, является актуальной. 

Разработана модификация алгоритма непараметрического дуального на основании кусочно-заданных аппрок-
симаций. Согласно предложенной модификации, область существования процесса разделяется на подобласти  
и производится восстановление непараметрической оценки функции регрессии для каждой из этих подобла-
стей. Предложенная модификация позволяет уменьшить влияние некоторых особенностей выборки наблюде-
ния, таких как разрежённости или пустоты в выборках наблюдений, на качество построенной модели. 
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В ходе вычислительных экспериментов проводилось сравнение между классическим алгоритмом непара-
метрической оценки функции регрессии и разработанной модификацией. Как показали вычислительные экспе-
рименты, при равномерном распределении элементов выборки наблюдений разработанная модификация  
не приводит к улучшению качества моделирования. При существенной неравномерности распределения эле-
ментов выборки наблюдений, разработанная модификация приводила к улучшению качества моделирования  
в два раза. Полученные результаты позволяют утверждать, что предложенная модификация может быть 
использована для моделирования сложных технологических процессов, в том числе и для процессов, имеющих 
место в космической отрасли. 

 
Ключевые слова: идентификация, непараметрическая оценка функции регрессии, кусочная аппроксимация. 
 
Introduction. The article studies the problem of iner-

tialess technological processes identification. 
The scheme of the simulated process is shown in the 

fig. 1 [1]. 
The following notations are used in fig. 1: ( )u t


 – in-

put variables vector; ( )x t


 – output variables vector;  

( )t


 – interference effect; О – process. 

The main modeling algorithm is the nonparametric 
regression function recovery algorithm [2–5], and 
piecewise-defined approximations [6–8]. 

When getting a sample of observations, not only the 
sample of observations size is important, but also its 
quality. The quality of a sample of observations is the 
accuracy of  parameters readout, the presence of outliers 
in it, the uniformity of the distribution of the sample of 
observations, etc. 

Special attention is paid to the problem of modeling 
the process with an uneven distribution of the sample of 
observations [9–11]. 

In some tasks, a sample of observations can be 
distributed over an area where the process ( , )u x


 occurs 

with sparseness, voids, or concentration of the sample of 
observations elements. As an example, fig. 2 shows an 
unevenly distributed sample of observations. 

In fig. 2, the area 1 contains the so-called sparseness 
in the observation samples, number 2 denotes voids in 
space ( , )u x


, and number 3 denotes the elements of the 

observation sample. 
 

 
Fig. 1. The simulated process 

 
Рис. 1. Моделируемый процесс  

 
For nonparametric estimation of the regression 

function, the quality of the sample of observations is of 
particular importance. With an uneven distribution of the 
observations sample there arises the difficulty in setting 
up the blur parameters cs vector, as some areas are sparse 
and it is assumed that in such cases cs should be large, and 
in some areas there is concentration  and it is assumed 
that for these cases cs should get a small value.  Undoubt-
edly, all this also affects the quality of the resulting 
model.  

 
 

 
 

Fig. 2. Uneven sample of observations 
 

Рис. 2. Неравномерно распределенная выборка наблюдений 
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Fig. 3. Determination of blur parameter 
 

Рис. 3. Определение параметра размытости 
 
 
The process of building a mathematical model of the 

technological process shown in fig. 1 can be divided into 
several consecutive stages: 

1) getting a priori information about the process; 
2) getting a sample of observations; 
3) choosing a metod of  building a mathematical 

model; 
4) building a mathematical model. 
The article focuses on the stage of choosing a method 

for constructing a mathematical model. 
Nonparametric recovery of the regression function. 

“Parametric approach” implies that the structure of the 
process or object under study is known, but the parame-
ters of this structure are not known. 

The type of algorithm used depends on the level of a 
priori information. If a priori information is sufficient to 
select the object structure, then parametric algorithms can 
be used. 

Nonparametric identification is generally implemented 
using a nonparametric estimation of the regression func-
tion. 

, ,

1 1

, ,

1 1
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 

 




.                   (1) 

 

In (1) the following notations are used: Ф(*) – is a 
bell-shaped smoothing function; сs – is the blur parame-
ter. 

The quality of the built model directly depends on the 
chosen blur parameter сj

x. This coefficient determines the 
degree of participation of the sample elements in the cal-
culation of sx at the  uм point. 

As shown in fig. 3, only those variables that have |u – 
uм| < cs participate in building the model at the  uм point, 
and the closer |u – uм| is to zero, the more influence this 
point has on the results of calculations. 

In nonparametric estimation of the regression func-
tion, the quality of the sample of observations is of par-
ticular importance. Of course, for any model, the quality 
of the sample of observations also affects the accuracy of 

the constructed model, but in the case of nonparametric 
estimation of the regression function, this is of particular 
importance. 

Piecewise-defined approximation One of the options 
for building a mathematical model of the process the 
ideas of which will be further used is a piecewise-defined 
approximation. 

The idea of a piecewise-defined approximation is to 

divide the Omega area into some sub-areas ( ), 1,i u i m 


 

(fig. 4), and to build for each area ( )i u


 its own 

mathematical model of the process. 
One of the most well-known piecewise-defined 

approximations are spline functions. The advantage of 
this approach is that unevenness of the sample of 
observations does not have a big impact on the quality of 
the model. The weak side of spline functions is that it is 
quite difficult to select a function and set parameters for 
each area ( )i u


 for the tasks of large dimensions. 

The developed modification of the nonparametric 
estimation of the regression function. The complexity 
of nonparametric estimation of the regression function, in 
contrast to spline functions, increases much more slowly. 
In this regard, it seems logical to combine the idea of a 
piecewise-defined approximation and a nonparametric 
estimation of the regression function. 

The following modification of the nonparametric 
estimation of the regression function has been developed: 

The stage of building the model: 
1)  omega area is divided into sub-areas ( )i u


; 

2) for each area ( )i u


, the regression function is re-

covered using a nonparametric estimation of the regres-
sion function; 

3) the blur vector is being set for each area ( )i u


 

[12]. 
The stage of making a forecast at  point u


: 

1) the area ( )i u


 to which the point u


 belongs  is 

defined; 
2) the regression function is recovered using the set 

vector of blur parameters for the area ( )i u


. 
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Sub-areas ( )i u


 can be split by various methods. It is 

possible to apply  the algorithms for splitting samples into 
classes, or choose the classic way for splines and split the 
entire area of input variables definition into equal parts 
and set the vector of blur parameters for each of them. 

Computational experiments. The numerical 
experiments were performed comparing the classical 
nonparametric estimation of the regression function with 
the proposed modification. Numerical experiments were 
performed for several cases that differ in the uneven 
distribution of the components of the observation 
samples. 

First of all, an experiment was conducted to model an 
object described by the following equation: 

 

1 2 3 4 5 6

1 2 3 4 5 6

( ) ( , , , , , )

6sin( ) 2 / 6 4cos( ) 8 .

f u f u u u u u u

u u u u u u

 

     


     (2) 

 

It should be noted that the algorithm for the regression 
function recovery does not identify the type of equation. 
The equation is only used for generating a sample of 
observations. 

The following initial data were taken for the 
experiment: the size of the sample of observations  
s = 4000; the amount of interference affecting the object 

4 %; (0;3);u  


 the elements of the sample of 

observations are distributed evenly. 
The model will be constructed using an algorithm for 

nonparametric estimation of the regression function and 
using the proposed modification of the algorithm. 

The simulation results are shown in tab. 1 
According to the results of the experiment, the average 

forecast error in the modified algorithm slightly 
decreased, as well as the time for setting the blur 
parameters and the speed of making the forecast  
increased. 

This experiment showed that if the sample of 
observations is uniformly distributed, it is not necessary 
to divide the elements of the sample of observations into 
classes. Here we would like to note that the considered 
case is quite rare in practice. The sample almost always 
has concentration or sparseness. 

In the next numerical experiment, the sample of 
observations will have sparseness and concentration of 
the elements of the sample of observations. 

The results of object modeling under these conditions 
are summarized in tab. 2. 

 

 
 
 

 
 

Fig. 4. Split of ( )i u


 into sub-areas ( )i u


 

 
Рис. 4. Разбиение ( )i u


 на подобласти ( )i u


 

 
Table 1 

 
The results of the regression function recovery 

 

 Nonparametric algorithm 
for the regression function recovery 

Modified nonparametric algorithm  
for the regression function recovery 

Average forecast error, % 3 4 
Blur paramerers  setting time, ms 30 70 
Forecasting speed, ms 45 69 

 
 

Table 2 
The results of the regression function recovery 

 

 Nonparametric algorithm  
for the regression function recovery 

Modified nonparametric algorithm  
for the regression function recovery 

Average forecast error, % 14 7 
Blur paramerers  setting time, ms 35 70 
Forecasting speed, ms 52 84 
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Table 3 
The results of the regression function recovery 

 

 Nonparametric algorithm  
for the regression function recovery 

Modified nonparametric algorithm  
for the regression function recovery 

Average forecast error, % 23 8 
Blur paramerers  setting time, ms 36 69 
Forecasting speed, ms 49 78 

 
 
According to the experiment, the difference between 

the average simulation error of the classical algorithm for 
nonparametric estimation of the regression function and 
the proposed modification is higher than in the 
experiment shown in tab. 1. Based on this, we can 
conclude that when heterogeneity appears in the sample 
of observations, the proposed modification allows us to 
estimate the regression function more accurately. 

To confirm this assumption, another experiment was 
conducted, which introduced an even greater 
heterogeneity in the observation sample than in the 
experiment shown in tab. 2. 

The results of this experiment are summarized in tab. 3. 
As can be concluded from tab. 3, when the uneven 

distribution of the sample of observations elements 
increases, the accuracy of the proposed modification 
becomes higher than the accuracy of the classical 
algorithm. 

It is important to note that unevenness in the sample of 
observations is ubiquitous when modeling objects with 
large input-output dimensions. 

Conclusion. The modification of the algorithm for 
nonparametric recovery of the regression function has 
been developed. The modification consists in using the 
idea of piecewise-defined approximations and splitting 
the modeling area into sub-areas, for each of them the 
regression function is separately recovered . 

During the computational experiments, it was 
demonstrated that the proposed modification significantly 
improves the quality of modeling the process when the 
elements of the sample of observations are distributed 
unevenly, there are sparseness and voids in the sample of 
observations. It is important to note that there are other 
methods for dealing with an unevenly distributed sample 
of observations [13–15]. 
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