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The research gives nonparametric identification algorithms under the conditions of incomplete a priory information. 

The identification case differs from the previously known ones due to the fact that, besides the control action, an uncon-
trollable variable, but a measurable one, impacts on the object input. In contrast to parametric identification, the re-
search considers the situation when the equations describing dynamic objects are not given with accuracy to the pa-
rameters. In this case, there are some features to study while getting the recovery characteristics of various object 
channels. The main characteristic is that the transition response of a channel is taken when the other channel is in a 
stable position. Moreover, the identification problem is analyzed under normal object operation, opposite to the previ-
ously known nonparametric approach based on Heaviside function input to the object and further Duhamel integral 
application. An arbitrary signal is input to the object during normal operation as a result we have a corresponding re-
sponse of the object output. It should be noted that the measurements of the input and output variables are carried out 
with random noise. As a result, we have a sample of input-output variables. As linear dynamical system can be de-
scribed by the Duhamel integral, with known input and output object variables, corresponding values of the weight 
function can be found. This is achieved by discrete representation of the latter. Having such realization, nonparametric 
estimate of the weight function in the form of the nonparametric Nadaraya-Watson estimate is used later. Substituting 
this with the Duhamel integral, we obtain a nonparametric model of a linear dynamical system of unknown order. 

The article also describes the case of constructing nonparametric model when a delta-shaped function is input to the 
object. It is interesting to find out how delta-shaped function might differ from the delta function. The weight function is 
determined in the class of nonparametric Nadaraya-Watson estimates. Previously proposed nonparametric algorithms 
consider the case when Heaviside function is applied to the object; this narrows the scope of nonparametric identifica-
tion practical use. It is important to construct nonparametric model of the dynamic object under conditions of normal 
operation. 
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nonparametric model. 
 

О НЕПАРАМЕТРИЧЕСКОЙ ИДЕНТИФИКАЦИИ ДИНАМИЧЕСКИХ СИСТЕМ  
В УСЛОВИЯХ НОРМАЛЬНОГО ФУНКЦИОНИРОВАНИЯ 

 
М. Е. Корнет, А. В. Шишкина* 

 
Сибирский федеральный университет, Институт космических и информационных технологий 

Российская Федерация, 660074, г. Красноярск, ул. Академика Киренского, 26б 
*E-mail: nastya.shishkina95@mail.ru 

 

Приводятся непараметрические алгоритмы идентификации в условиях неполной информации. Существен-
ное отличие самой задачи идентификации от известных предыдущих задач состоит в том, что на вход объ-
екта, кроме управляющего воздействия, действует неуправляемая переменная, но контролируемая. В отличие 
от параметрической идентификации, рассматривается ситуация, когда уравнения, описывающие динамиче-
ские объекты, не заданы с точностью до параметров. В этом случае появляются некоторые особенности, 
которые необходимо учитывать при снятии переходных характеристик объектов по различным каналам. Ос-
новная особенность состоит в том, что переходная характеристика по одному каналу снимается при ста-
бильном положении другого канала. Более того, задача идентификации рассматривается в условиях нормаль-
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ного функционирования объекта в отличие от ранее известного подхода к непараметрической идентифика-
ции, основанного на подаче на вход объекта функции Хевисайда и дальнейшем применении интеграла Дюамеля. 
В условиях нормального функционирования на вход объекта подают сигнал произвольной формы. При этом на 
выходе объекта наблюдается соответствующий отклик. Измерения входной и выходной переменных осуще-
ствляются со случайными помехами. В итоге имеем реализацию (выборку) входных–выходных переменных. 
Поскольку линейная динамическая система может быть описана интегралом Дюамеля, то при известных 
входных и выходных переменных объекта могут быть найдены соответствующие значения весовой функции. 
Это достигается при дискретной записи последнего. Располагая подобной реализацией, в дальнейшем исполь-
зуется непараметрическая оценка весовой функции в виде непараметрической оценки Надарая – Ватсона. 
Подставляя ее в интеграл Дюамеля, получаем тем самым непараметрическую модель линейной динамической 
системы неизвестного порядка. 

В статье приведен так же любопытный случай построения непараметрической модели при подаче на вход 
дельтаобразной функции. Было интересно выяснить, насколько дельтаобразная функция может отличаться 
от дельта-функции. Оценка весовой функции и в этом случае определялась в классе непараметрических оценок 
Надарая – Ватсона. Ранее были предложены непараметрические алгоритмы идентификации для случая, когда 
на вход объекта подавалась функция Хевисайда. Это несколько сужает рамки практического использования 
самой идеи непараметрической идентификации. Естественно, важным является случай построения непара-
метрической модели динамического объекта, находящегося в условиях нормальной эксплуатации. Эта особен-
ность является наиболее важной из рассматриваемых приемов идентификации в условиях непараметрической 
неопределенности. 

 
Ключевые слова: интеграл Дюамеля, переходная функция, весовая функция, дельтаобразное входное воздей-

ствие, оценка Надарая – Ватсона, непараметрическая модель. 
 
Introduction. The main objective of identification 

theory is the model construction based on input and out-
put process variables observations while data about the 
object is incomplete [1–3]. The article considers dynamic 
object identification under nonparametric uncertainty  
[4; 5], when the dynamical model cannot be identified up 
to parameter vector due to the lack of a priori data. In this 
case getting transient response and following estimation 
of an object weight function are reasonable. The basis  
of this paper is Duhamel integral use, due to the principle 
of superposition [6; 7]. Identification algorithms of the 
object in normal operation conditions are described. The 
research analyses three methods of obtaining weight func-
tion estimation using Heaviside function [8; 9], delta-
shaped input and arbitrary input. 

Problem formulation. We assume that an object is a 
dynamic system described by equation [1], ( , )t t tx f u   

where ( )f  – is unknown function; tu – control input 

variable; t  – uncontrolled, but measured variable; tx  – 

output variable. 
Fig. 1 illustrates a block diagram of the dynamic proc-

ess [1; 10], with the following notations: ˆtx  – output of 

model; tu  – control variable; t  – uncontrolled, but 

measured variable; ( )t  – continuous time; t  – discrete 

time; ,t th  – random noise influencing the object and 

output variable measuring channel, with zero mathemati-
cal expectation and limited dispersion. 

Variables control is carried out at time interval t . 
Thus, it is possible to obtain initial input – output variable 

sample { , , , 1, }i i ix u i s  , where s – a sample size. 

Non-parametric identification algorithm when 
standard signals can be input to the object. We could 
assume that the object is described by a linear differential 
equation of unknown order. In this case, for zero initial 
conditions, x(t) is found as 

where  

0

0

( ) ( ) ( ),

( ) ( ) ( )

( ) ( ) ( ) .

u

t

u u

t

x t x t x t

x t h t u d

x t h t d



 

 

    

     





,                  (1) 

Where ( ), ( )uh t h t     – weight functions of u  

and   channels. Weight function is a derivative of the 

transition function '( ) ( )h t k t . 

This problem becomes the weight function estima-
tion, so, first, the transition function needs to be  
obtained. 

As it is mentioned, weight function can be obtained by 
various means. 

First case. We suppose that the object is described by 
linear differential equation of unknown order. Under zero 
initial conditions, ( )x t  is found as (1). Transition function 

is an object reaction to input impact, namely as Heaviside 
function ( ) 1( )u t t . 

0, ( ) 0
1( ) .

1, ( ) 0

u t
t

u t


  

                                (2) 

After obtaining transition function, to find its non-
parametric estimation is required [11; 12]: 

0

( )
s

i
i

s si

t tT
k t k H

sc c

 
  

 
 ,                         (3) 

where ik  – transition function estimate, ik  – transition 

function, it  – discrete time of measurements, s – sample 

size, sc  – kernel smoothing, H – kernel function, T – time 

observation period [2].  
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Fig. 1. Identification scheme 
 

Рис. 1. Схема идентификации 
 

 
We note that kernel function and kernel smoothing 

satisfy following terms [11; 12]: 
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where ( )it  – an arbitrary function. 

In particular, kernel function would be considered as 
Sobolev function (5): 
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Since weight function h(t) is derivative of transition 
function k(t), then 

0

( )
s

i
i

s si

t tT
h t k H

sc c

   
 

 ,                     (6) 

where ik  – transition function estimation, ik  – transition 

function, it  – discrete time of measurements, s – sample 

size, sc  – kernel smoothing, H – kernel function, T – time 

observation period. 
Second case. The weight function could be obtained 

when a delta-shaped function is input, shown in fig. 2.  
It has got step function type (7), t  – discretization interval 

1
( ) ,t t t

t
   

,                (7) 

where t , for example, is an equation t t t    . 
Identification algorithm under normal object op-

eration. Constructing an adaptive object model often re-
quires identification of measuring channels under normal 
object operation [2; 8; 13] 

Therefore, the third case has got the priority in solving 
the problem of nonparametric identification [4; 6]. The 
following algorithm when input impact has got sinusoidal 
type function (as an example) is analyzed below. 

 
 

Fig. 2. Delta-shaped function example 
 

Рис. 2. Пример дельтаобразного  
входного воздействия 

 
Third case. If control action and object output are 

known, weight function may be described by (1). 
In a discrete form: 

0
1 1
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1 1
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              (8) 

where s – sample size;   – variables control time inter-
val; iu  – control variable; t  – uncontrolled, but meas-

ured variable; tx  – object output; 0h  – value of the 

weight function on previous iteration steps. 
Therefore, nonparametric process model is: 
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   ,       (9) 

where ik  – transition function, ih  – weight function, sc  – 

kernel smoothing, s – sample size, T – observation period. 

Object 

Model 
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Computer experiment. We suggest that dynamical 
an object is described by a second-order differential equa-
tion. It can be represented as: 

1 2

1 2

,

0.25 0.33 0.33 ,

0.25 0.33 0.33 .

u
t t t

u u u
t t t t

t t t t

x x x

x x x u

x x x u



 
  

 

 

  

  

          (10) 

We could suppose that the equation (10) is used to ob-
tain sampling points. Nonparametric algorithm does not 
mean the known form of the differential equation, only 
information on the linearity of an object is known, in con-
trast with [14; 15]. It should be noted once again that cer-
tain equations accepted in this computational experiment 
remain unknown. Only a priori information about its line-
arity is known as well as the presence of the principle of a 
super position. It is important, that taking the transient 
characteristics for each object channel occurs when the 
other channel stabilizes [16; 17]. 

As an arbitrary input signal in the conditions of normal 
operation of the object, we give a sinusoidal input action 

( )u t , it is not a controlling action, but a measured one ( )t : 

sin(0.1 )

sin(0.05 )
t

t

u t

t



 
.                      (11) 

Fig. 3 uses following notations: ( )u t  – sinusoidal in-

put action, ( )t  – uncontrolling, but a measured variable. 

We could add a random noise h, that arising in the 
channel of output signal ( )x t  measurement 

,t t th lx                                     (12) 

where [ 1;1]t   , noise level 10%l  . 

We calculate a recovery error – w according to  
the 

1

1

ˆ| |

,

| |

s

t t
i

s

t
i

x x
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x x













                               (13) 

where 
1

1 s

t
i

x x
s 

   – arithmetic mean, ( )sx t  – model output.  

Implementing the algorithm (1), we construct a model 
of the object, shown in fig. 4. 

Fig. 4 uses the following notations: ( )x t  – object out-

put; ˆ( )x t  – model output; noise level l = 0%; recovery 

error w – 0.047, according to the chart and recovery error, 
this model could be considered as satisfactory. 

 
 

 
 

Fig. 3. Arbitrary input actions u and   
 

Рис. 3. Произвольные входные воздействия u и    
 
 

 
 

Fig. 4. Object output ( )x t when the input is an arbitrary sinusoidal signal 
 

Рис. 4. Реакция выхода объекта x(t) и модели,  
при синусоидальном входном воздействии 
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Fig. 5. Object output when the input is an arbitrary sinusoidal signal and noise level 10 % 
 

Рис. 5. Результаты выхода объекта, при синусоидальном входном  
воздействии при уровне помех равном 10 % 

 
 
The case when l = 10 % and recovery error w – 0.112 

is shown on fig. 5.  
Conclusion. The research analyzes the problem of 

nonparametric identification of linear dynamical objects 
under the conditions of incomplete data. The main result 
of this paper is resolution of identification problem in an 
object normal operation conditions. The paper submits 
nonparametric linear dynamical system models based on 
Duhamel integral estimation by means of Nadaraya-
Watson statistics. 

The main conclusions based on the extensive numeri-
cal research of nonparametric models are following:  
although in practice delta function cannot be submitted  
to the object input, sometimes it is possible to submit 
delta-shaped input signal and then construct a satisfactory 
model. Undoubtedly, noise increase in input-output  
variables measurement and increase in discreteness  
of input-output variables control deteriorate an accuracy 
of nonparametric models. 

In addition, it is important to note that a researcher 
does not know a particular object equation and a differen-
tial equation order; moreover, all equations described are 
analyzed as examples. Therefore, algorithm does not de-
pend on the type of input impact, the main condition  
is observance of the superposition principle. 
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